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CHAPTER 1

A Quick Introduction to Harmonic Analysis in R?
I (E. M. Stein)

1. Prerequisites

We shall restrict our attention to the Euclidean space R? with the standard
metric. L? shall denote the space of measurable functions f : R* — C such that

1/p
1= ([ 111 o)

is finite. Fach LP (1 < p < oo is a Banach space, and L? is isometrically isomorphic

to L1, where 1 < p < oo and
il
p q
We expect the reader to be familiar with Holder’s inequality and Minkowski’s in-
tegral inequality.
We define the Fourier transform of f € L' to be the integral

@ = flx)e ™= da.
Rd
The Fourier inversion formula for suitable f is
fo) = [ Feemsac
Rd

Plancherel’s theorem states that the Fourier transform is an isometry on L2, viz.,

12 = [1f1] -

An important “multiplication operation” in harmonic analysis is convolution, which
is defined by the integral

(f * 9)(x) = / f(&— p)g(y) dy = / fwgle - y) dy.

The Fourier transform of a convolution is the pointwise product of the Fourier
transform:

fxg=13
2. Three continuous operators

We shall consider the following symmetries of R

e Translations x — x + h, h € R?
e Dilations x — 0 -x, 9 >0
e Rotations x — R(x), where R is a linear map such that |R(z)| = |z|.

We will exploit these special symmetries of R? again and again.

1



2. THREE CONTINUOUS OPERATORS 2

Definition 1.1. The mazximal operator of a function f is
c
M(f)(z) = sup— |f(z—y)ldy

d
>0 T Jiy|<r

£ (y)l dy,

= sup

T o

where the supremum is taken over all balls B(x) centered at x.

The maximal operator came to be when G. H. Hardy wanted to study crickets.
We observe that the maximal operator is invariant under all three symmetries.

Theorem 1.2. Let f:RY — C.
(a) For each 1 < p < oo, we have
IMfllze < ApllflLe,

where A, only depends on p and d.
(b) Hardy-Littlewood maximal inequality. For each o > 0,

A
miz : (Mf)(z) > a} < —[|fllz,
where A only depends on d.

Note that, by definition, M f is bigger than f. (a) shows that M f is, in the LP
sense, not much bigger. This estimate is substituted by a weak-type inequality (b)
in L' (cf. Chebychev’s inequality).

We remark further that the maximal function is the “mother of all averages.”
If ® is radial, viz.,

O(z) = Co(|=[)
with @ positive, ®g decreasing, and [ ® dz = 1, then we have

[ 1t =) dy] < M(f)(x).

To see this, we approximate ® by “step functions”

1
> o m(By) B
where By, are balls centered at origin and ) ¢, = 1.

Proor oF THEOREM [[.2] Let E, = {z : M(f)(z) > a}, and K a compact
subset of E,; we shall exploit the inner regularity. We pick a cover of K by fixing a
ball at each point of K, and extract a finite cover B; = B;(x;) centered at x; with

N
KgU&

i=1

1
5 /B ] > a.

We now appeal to the Vitali covering lemma, from which we can select pairwise-
disjoint balls B;,, B B;, that “almost cover” K, viz.,

U 2%
J

and

PYREEE)



2. THREE CONTINUOUS OPERATORS

where B;-"j is the “three-times dilated” balls of B;;. It then follows that

m(K) < > m(B})=3"Y m(B)
k

3d
aZ/B i

IN

Definition 1.3. Suppose ' > 0. The distribution function of F is

Ma) =m{z: F(z) > a}.

/0Oo AMa) da /F(x) dx

/OO)\(al/p)da = /(F(x))pdx

0
= p/ Ma)aP~t da.
0

‘We note that

Proor. We will strengthen

miz - (Mf)(x) > o} < ’;‘/ f] da

by
/

miz - (Mf)() > o} < = /f|> Ml

«

In faCta |f(l’)| < |f1(l')‘ + %7 where

NICRICE
fl(”)‘{o it17(2)] <

R N|R

Then we have

Mf<Mfi+5
and
{96:Mf>oz}§{m:Mfl>%}7
so we have

2A
M < — dx.
mle:Mf@ >y <50 [ e
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Take FF = M f and A(«) = m{z : F(z) > a}. Then

/ (P < AL / T arlat ( /fw f|dx> da

= c/m (/:lfozpzda) dx
= ¢ [1fllrpas
= c’/|f|pdac.

Definition 1.4. The Riesz potentials of f is

(D) === [t =yl d.
where 0 < a < d and
I'(3)
r(%e)

These are also called fractional integrals. We can write the above as

= [ #e =Koy
where K, is locally integrable. -

Why is this operator interesting? Formally, I,(f)(§) = (27r|£|)*°‘f(§), SO
I.(f) = (—A)~% f, where A is the Laplacian. (A is to be considered as a “basic
differentiation operator of order 2”7, whence (—A)~%/2 is the “basic differentiation
operator of order o) We identify K, (&) = (2r|¢])~* in the sense of distributions.

In particular, if « = 2 and d > 3, then I, is the fundamental solution operator
for the Laplacian A. When d = 3, I, is the Newtonian potential: note that this
expression makes use of the inverse A~! of the Laplacian.

The expression of f in terms of

of of
81‘1 o aIEd

af] J
/Rd Z 895] y|d 4y,

where w is the area of unit sphere. Therefore,

[f(@)] < chi([VF]) (),
where V f is the typical gradient of f.

Vo = d/22a

can be given as:

Theorem 1.5. Suppose that 1 < p < q < oo with
1 1 «

qg p d
Then
o (F)lla < Ap gl fllLe,
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where Ap 4 depends only on d, p and q.

Observe that the fractional integral operator exhibits a dilation “relative” in-
variance: If fs(x) = f(dz), then

Lo (f5) = 07" (1a(f))s-

dy
J s )=

is invariant, hence the factor =% comes to play. Furthermore,

1fsllee =675 fll o

It thus follows that we have the relation
1 1 «

qg p d
ProOOF OF THEOREM [L.Hl We claim that

L(f)(@) < (M (@) £ "
with 0 < 0 < 1 and 0 = p/q. To see this, it suffices to consider the special case
d=1,a=1/4, p=2, and ¢ = 4, which then yields the inequalityf}

L(f) < (M) 1ML

Now, we split the integral in the following manner:

L(f) = e /| T dy e / = (x — y) dy.
Y=

Indeed,

lyI>R
But
/ Wyl f e —y)dy < (/ ly| =34 dy) M f()
ly|I<R ly|<R
< cRY*M(f)().

Next, by Schwarz’s inequality

1/2
/l e —y)dy < </|| |y|3/2dy> [
y|>R y|>R

cRYH| £l e

As a result,

L(f)(@) < c{RVAMf)(@) + R fz2}

Choose Hf||2
_ L2
B= g
then
n(f) < dm (e 115

whence the desired result follows. O

Lthe exponent 4, in the sense of conjugate exponents, is “half-way” in between the exponent
2 and the exponent oo
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Note that Theorem [[F] fails if p = 1. By a duality argument, ¢ = oo fails as
well. If we replace |y| =9+ in the definition of fractional integral by any kernel with
the same “distribution” as |y|~¢*, then Theorem still holds.

Definition 1.6 (Mihlin, Calderén, Zygmund). The singular integral of f is

(@) = v [ e pE@y
= lim flx —y)K(y) dy,

ly|>e
such that

e K is homogeneous of degree —d, i.e., Ks = 6 %K
e K is smooth when x # 0

o =1 K(z)do = 0.
For example, consider the “forbidden kernel” K(z) = |z|~¢

Example. The Hilbert transform in d =1 is
1 o dy
H =—p.v. —y) —.
()= zvv [ fa=n
The principal value (p.v.) is interpreted as
Y Y

In a sense, the Hilbert transform is the “fundamental operator” of one-variable
Fourier analysis. H is unitary on L?(R). Moreover, the H* = —H, and H? = —1.
The Hilbert transform also manifests itself in complex analysis. Indeed, the Hilbert
transform maps a harmonic function to its harmonic conjugate.

Example.
62
Ri;(f) = 8x-8x-l2(f)'
i0T;

Example. The Riesz transform of f is defined as

R(f) = -2 n(p).

Oz
Theorem 1.7. If T is a singular integral operator, then T is a bounded operator
LP (1 <p < c0).

We remark that the cases p =1 and p = oo faiﬂ

The method of proof is called the Calderdn-Zygmund paradigm. Deviating from
the classical method (of M. Riesz) of exploiting the power of complex analysis, we
turn to the tools of real analysis. The proof has two parts: we show that the
operator is bounded in L?, and extend the result to the “L' theory.”

2Stein sayeth, “all interesting theorem should fail for p = 1; if a theorem holds for p = 1,
then it is easy or semi-trivial.
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ProOF OF THEOREM [L.71 We first consider the L? theory: we claim that

—

(T£)() =m()F(©).

where m = K, taken in the senes of distributions. By Plancherel’s theorem, it will
then suffice to prove that

Im(§)| <c

for all €. If so, then we will have

IT(f)lz>

—

()l
Im(€) f(€)ll2
CHfHL?
cl[fllge-

Let n be a radial cut-off function: 7 is C* and n(z) =11 0 <1 < 1/2, and
n(z) = 0 if || > 1. Then we shall break the integral down to two parts

IA

m(§) = p.v./efzmr'gK(x) de=1+11

where
I= p.v./efzﬂmn(:r.r)K(x) dx
1I = p.v./e‘Q””(l —n(z/r)K(x) dz.
However,
1= / (2™ — 1) n(z/r)K (z) dz,
$0
s ef (eliElK@d
< |~ da
|lz|<r
<
where r = 1/|¢].
Also,

IT = /e_Qﬂiw'g(l —n(z/r))K(x)dz.

Suppose that |£;| > |¢|/d*/?. Then, since

-1 .
i(e—me{)

27T’ij axj

—2miz-§ _

)

it follows that

11] < i/ o]~ de <
‘fjl |z|>r/2 |§J‘

thus establishing the easy part of the proof (via the Fourier transform).
Now we turn to the L' theory. We claim that

A
m{z: [Tf(2)] > a} < —l|fllz
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for all & > 0 (reminiscent of the weak-type estimate for the maximal function).
The two main points of the proof are as follows

e The “atomsﬂ Suppose f € L' is supported in a ball B and fB fdx=0.
B* be the “twice-dilated” ball of B. Then

/ ITf\dxéc/ \fldz,
cB* B

where °B* is the complement of the ball B*. In fact, we suppose that B
is centered at the originf] Then

T(f)2) = / Kz~ y)f(y)dy
- / (K(x — y) — K())f(y) dy.

SO
IT(f)(@)] < /B K(z —y) - K@) f()]dy.
Now, if y € B and = € °B* with r the radius of B, then
K (z ) ~ K(2)| < rmax|VE ()

where L is the line segment joining x to z — y. Since |z| > 2r and |y| < r
and VK| < A./|z|4

_ —) — K(x)|dx < er x| " de =
/19|K($—?J)_K(w)|dx_/3|[(($ ) - Ko do < /Ixz%“" ’

if Jy| <.
e (The Calderén-Zygmund decomposition) Given f € L! and a > 0, we can
decompose f = g + b, where

b:Zbk
k

such that
lg(x)] Sof] and  g(x) = f(x)
except when x € E, with m(Ey) < L [|f]dx.
Each by, is supported in a ball By, [ by dz =0, and

[ 1bu]da < ().

(Therefore, each by is an “atom”) Furthermore,

SmB) <y [1fde

See chapters 1 and 2 of Stein, Singular Integrals and Differentiability Prop-
erties of Functions for details.

O

3We can’t actually call them atoms, since it is a term used in another part of harmonic
analysis.

Afor “everything is translation-invariant.”

5This implies that |g(z)| < Ca for some C > 0.
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Here is an alternative approach to the Calderén-Zygmund decomposition that
does not make use of the maximal function. We slice the Euclidean space into cubes
with the mesh so large that the mean value is small:

1
m(Q)/Q|f|d$§Oé~

We subdivide each cube into 2¢ pieces by bisection. If the mean value is larger than
a on a subdivision, then we disregard that cube. We subdivide the “good cubes”
again by bisection, and continue the process. In each step, we have

1 d

We have divided the space into two sets: the union of good cubes, and the
union of rejected cubes. The rejected cubes are disjoint, and has the “right kind of
estimate.”



CHAPTER 2

Classical Discrete Operators (L. B. Pierce)

We define the convolution operator to be
Tfn)= Y f(m)K(n—m),
meZk

where f has a “compact” support. Does T extend to a bounded operator on
[P = LP(Z*)? Of course, I” has the norm

1/p
£l = { D £ )P )
nezk

and

£l = sup [f(n)|
if p = co. We would like to establish
||Tf||lq < Ap,q”leP-

We take three simple examples:
(1) Maximal functions
(2) Fractional integral operators
(3) Hilbert transforms.
The methods for discrete operators are as follows:
(1) Implication.
(2) Imitation.
(3) Circle method.
(4) Sampling.
(5) Method of refinements.
(6) “Under development”

1. Maximal operators

Recall that the classical maximal operator is

1
fo=sup7/ flz=y)ldy,

@) =i [, 1)
where V(r) = m(B,(z)). M maps L? to L? for 1 < p < co. The discrete analogue
is

1
Mf(n) =sup —— n—m)|,
1) =30y 5757 32 V=)
mezk

where N(r) = #ZF N B,.

10
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Theorem 2.1. M is a bounded operator from IP to [P for all 1 < p < oo, and the
weak-type (1,1) estimate holds.

PROOF OF (1) (IMPLICATION). We define the unit cube
1 1

Then the cubes tile R¥:

We shall make use of the following lemma:

Lemma 2.2. (1) V(r — %) <N <V(r+5).
(2) N(r)=V(r)+O0(r*1)

PROOF OF THE LEMMA. (1) is basic pythagorean theorem argument. To see
that (1) implies (2), we note that V(r) = cxr¥, and so

k
V(ri?) =g <r+?) .

We define the companion function

F(z)= Z f(n)xo(z —n).

nezk
We note that ||F||z»wr) = || fllir(z+). Indeed,

k
/ |FIPde =) / |F(2)|P da.
R nezk Y@
Without loss of generality, we may assume that f > 0. Then, for any z € Q+n,

Y fn—m) = > f(m)

|m|<r [n—m|<r
= / F(y)dy
[n—m|<r Q+m
</ Fly)dy.
In—y|<r+%
Since i
1 k
o=yl <l —nl+ln—y <5 +r+ 25 <+ VE,
we have
> fo-m) < f F(y) dy
|m|<r In—y|<r+%
Vir+vEk) 1
< [ Fly)dy- L VE 1
|e—y|<r+VE V(r+vk) N(r)
Now,
1
F(y)dy - —————= < M(F)(x)
/|£—y|§7’+\/E V(T + \/E) ( (
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and

V(r+Vk)
BEGEE

for some constant ¢, so
Mf(n) < cgpMF(x)

for each x € Q + n, as was to be shown. ([

PROOF OF (2) (IMITATION). The [*° bound is trivial. We shall show that
A
|Bal = #{n € Z" : Mf(n) > o} < —| flln

Toward this end, we appeal to the Vitali covering lemma. For each n € E,, there
exists r,, such that

Then

whence we can take any finite set £ C FE,, and apply the Vitali covering lemma:
there exists a disjoint collection {Bj,} such that

J

> N(rj(ny)) > 37¥|E].

7=0
Then
Ifle > > =ad N(rn) >a-37%E|

m€eU Br, (n;) J
anE

The desired (1,1) inequality follows from the Marcinkiewicz interpolation theorem.
O

2. Discrete fractional integration

We use a slightly different normalization for the continuous fractional operator:

i = [ Fay

for each 0 < A < 1.
Theorem 2.3. Forl <p<g<oo and 0 < A <1, we have
Ty : LP(R*) — LY(RF)
if and only if
—=——(1-=-X).

q P
The is call the homogeneity condition.
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The discrete analogue is

Lif(n Z L |m|m

mezr
m##0

13

for each 0 < A < 1. Note that we have left out the singular point, which we do for

discrete anlogue in general.
Theorem 2.4. For every 0 < A < 1, we have
Iy : IP(ZF) — 19(ZF)
if and only if
(1) § <3 — (1=

q_P

(2) 5 <A 5 >1-A

PRrROOF. We first show (1) with equality via the imitation method. We shall

establish the following pointwise estimate

Iif(n) <ce(Mf(n ))p/quHl p/a .

here we assume without loss of generality that f > 0. Toward this end, we split

the sum at R:
Iuf(n)=1+11I,
where
- 3 e
0<|m|<R
and
-y L
|m|>R
Let us use the abbreviation
|m|~277R

for
2797 R < |m| < 279R.
‘We observe that

Py y e
j=0|m|~2-JR
< ci(?ij)fk)‘ Z fln—m)
j=0 |m|~2—7R
SN N(27'R
< 02(2_jR)_k/\ Z f(n—m)Nij;
7=0 |m|<2-7R
< ¢ Seir ) M)
3=0
< C//R—k)\+chf(n)'
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We apply Holder’s inequality to II to obtain

1/p 1/p’

1
I < Zlf\p ZW

|m|>R Im|=R

We approximate the second factor by

[e%s} , 1/Pl
Cr (/ phdp k=l d7’>
R

2
=
>
o~
>
S
<

Observe that
which yields

It thus follows that
11 < R4 .

We have thus shown that
If(n) = I+1I
¢ (MFmBC 4+ R £ )

IN

‘We choose R such that

RE/aHR(=2) — ||f||lp )
Mf(n)
t

AN ALTERNATIVE PROOF. Here we use the comparison method. We assume
that f > 0 and construct the companion function F. We observe that each n #
m € Z* and w,v € @ furnish a uniform constant C such that

|n — m|_k)‘ <Cl(n+u)—(m+ v)|_k’\.

For z € QQ 4+ n, we see that

Iif(n) = Zf|m|k)\
- Z |n_m|k>\

mezr
m#n
< dy
S
<

Fly
/ — |) W
= IAF(JT)
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Remark. We have the Nesting property

[ g 192
if g1 < q2. Therfore, by showing the equality
1 1
—=—-—(1-=2X
< » (1=2)

for one case, as we have done above, then we get the general inequality for free.

Remark. Note that if f(0) =1 and f(n) = 0 if n # 0, then f € [P: this is the
“delta function”. But
Ixf(n) = [n|~**
implies
Ivf e 19
if A\¢g > 1. Therefore, 1/q < A.

Observe that F(mg(m)
_ n)g(m
(Inf.9) = ;L [n—m[
m#n

Recalling that Iy : [P — 7 and I} : 19— l”/, we can show that 1/¢ < A translates
to 1/p > 1 — X by duality. It thus follows that I is a self-adjoint operator.

We take a moment to introduce the Riesz diagram. If T : LP — L9, we put a
point where (1/p,1/q) lies. If we fix A, then

1 1
(1A
. R S

y < z—(1-X)

So we have the folloiwng shaded-in region: [diagram] Condition (2) of Theorem [2.3
states that

IN

1 1
—<A—=>1-)

q p

so we have the following square in the diagram: [diagram)]

Example. We define
f(n) =

n~Y ifn>1;
0 otherwise.

Think of v = % +e.

3. Hilbert transform

Recall that the continuous Hilbert transform is

Hf(x) = lim 1 fz=y) dy

e—0 7 ‘y‘>€ y

which maps LP(R) to LP(R). The discrete analogue is
1 f(n—m)
Hftn) ==Y 20—

fy =1y 10

nez
m#0

Theorem 2.5. For each 1 < p < oo, H : IP(Z) — I’(Z).

)
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PROOF. We shall make use of the bilinear form

Boundedness of H on [P is equivalent to showing

1B(f,9)] < Apll flliwllgllier
for % + z% =1
To this end, we consider the continuous analogue

B(F,G) = /|._, o F(j)_Gém)dxdy.

The key idea is as follows: since H is bounded on LP, we have
IB(E,G)| < [[Flle |Gl -
We note the following regarding truncated operators:
Theorem 2.6. Given an operator T : LP(R™) — LP(R™) (1 < p < o0) such that
ITfllze < ApllfllLe
and that T = f x K for some kernel K with

Km—y)gi,
el oy

we define
K(z—y) iflz—yl>e
K — =

(z-y) {0 otherwise.

If we set T.f = f % K., then
T fllze < ARllfllze,

where Aj, is independent of E[|
Lemma 2.7.

IB(F,G) = B(f,9)| = Ol flliwllgll)-

PRrROOF OF THE LEMMA. We claim that

dx dy njm +0 (‘nfmp) if n #£m;
le—y[>1 = 0

z€Q+n T 7Y if n=m.
yEQ+m

If we take the claim for granted, then

|B(F,G) = B(f,9)]

Z//r o2 P0G L f(m gr(nn

T€EQ+n n,m
yeQ+m n;ém

1See Stein, Harmonic Analysis for details.
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By the construction of our companion functions, we have F(y) = f(m) and G(z) =
g(n) in the above integral, and so

G (x) f(m)g(n
|B(F,G) — B(f,9)] < Z// —y[>1 Z Jmlgn)
zEQ+n -m
yeEQ+m n;ﬁm
d dac 1
< S| [f 2
n,m zeQtn nom

yeEQ+m

where the last inequality follows from the claim. By Young’s inequality, we have

< 1
Z 1+|’I’L— ‘2 = I Hngl 5

and by Holder’s inequahty we have

1422

H 1+ 22|, gl < ell fllew gl

O

We now proceed to verify the claim. If n = m, then the integral is 0. If n #m
and |[n —m| > 2, then

m+1/2 n+1/2d d 1 m+1/2 n+1/2 1
/ Ty g/ / - da dy.
m—1/2 Jn—-1/2 Y N —M m—1/2 Jn—-1/2 [T =Y N =M
By the regrouping
n—m-—(z—y)
@—y)n—m)’
we have the estimate
/m+1/2/n+1/2 1 dxdy _ /m+1/2/n+1/2 |1‘ n|+|yfm|
12 Jn-1/2 | — n—m N 12 -1z 1T —ylln—m|

- o(5m):

for |z —n| <1 and |y — m| < 1. This completes the proof. O



CHAPTER 3

A Quick Introduction to Harmonic Analysis in R?
IT (E. M. Stein)

1. The Role of Curvature

Definition 3.1. A (smooth) curve in R? is a C*>°-function v : [~1,1] — R? with
~v(0) =0 and |7/ (¢)] > 0 for all ¢ € [-1,1].

We can consider operators on a curve «: for example, the Hilbert transform

1
()@ =pv. [ fa=0)F
and the maximal function.
My = sup o [ |fa =) de

0<n<1 2R Jjy<n

Is there an LP(R?) theory for H. and M,?

(1) Yes, if v is a straight-line segment;
(2) No, in general, but:
(3) Yes, if v has some “curvature” (near t = 0).

Why is there a good theory for straight lines? We can always rotate the line
to be axis-parallel, whence the case is reduced to the theory on R. Note, however,
that “local flatness” is decidedly not enough: we can construct a curve which is
“very flat” at every given point which nevertheless does not admit a good theory
for any p.

What is a good model of non-flat curve with an LP-theory? The more precise
version of hypothesis (3) can be stated as follows: For some N € N, the vectors

’7/(0)7 ’)/I/(O), e ’,y(n) (0)
span R%.
Example. Here is a typical example: v(t) = (¢,t?), the parabola in R?. Note that
~'(0) = (1,0) and v”(0) = (0, 2), whence the hypothesis is satisfied.

Theorem 3.2. Under the curvature hypothesis (3) above, both H. and M. are
bounded operators on LP(RY) for 1 < p < co.

The methods of proving boundedness results for the standard maximal function,
fractional integral, and singular integrals fail. In particular, no results are known
for p =1 for H, and M,: we do not know, for example, if the weak-type estimates
hold.

18
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The key tools here are oscillatory integrals. Here is the one-dimensional exam-
ple; here [ is the standard example, and J a variant:

b

I\ = / @) .
ab '

JA) = / e @y(z) dx

® is the phase, ® is real-valued, v is the amplitude. We would like to know how
the integrals behave as A tends to infinity. In particular, we would like to know the
kind of estimates we can make that are independent of the integral.
Here is an outline of the idea of the proof of Theorem [3.2]in the case when 7
is the parabola in R? and p = 2: (i) oscillatory integrals, (ii) boundedness of H.,
(iii) boundedness of M., .
/ z)\<1>(ac

where ® is of class C?. If |®'(z)] > 1 and ® monotonic, then |[I(\)| < c|A|7L.
Alternatively, if |®"(z)| > 1, then |I(N)| < ¢|\|7'/2 as |A\| = co. Here the bound c
is independent of a and b

Theorem 3.3. Let

If ®(z) = z, then

b
/ e dy = 1
u N
2

whence the decay is clearly of order |A\|~!. Examine also ®(x) = x2.

PRrROOF. We first write

. 1 d /.
iINP(z) _ . iAD(x)
‘ i/ (x) dx (e ) ’

so that

1 1 dy.
I(\) = — - % IAD(z) d
9 i)\/a o'(z) da (6 ) o

whence we can integrate by parts. We now take the absolute value of each term.
The 1/®’(x) looks bad, but fear not—®’(z) is monotonic, so we can remove the
absolute value. The estimate now follows from simple computation.

In the second alternative, we shall write

I\ =I+11I,
such that
c+A
I = / e dx
c—A
II = the complementary part of I,

where ¢ is the unique point where ®'(¢) = 0. By doing so, we have singled out the
“bad point.” We first make the trivial estimate

1] < 2,
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which will turn out to be good enough—we shall make § very small. Moreover, we
have

2
II| < —.
=
We still haven’t picked & yet: the right choice of d is
§=|A""3
which yields the desired estimate. O

Corollary 3.4. Let

b
I = [ Az da,
If |®'(z)| > 1 and ®" monotonic, then

c b
IO < 5 [wmbn +/a " <x>|dx] |
If, instead, |®'(x)| > 1, then

ROV [|w<b>| + W(x)dx] .

/ ei)\'ﬁI)(:v) dx

" d
| g o

and integrate by parts. (I

PRrROOF. We write

~
S
—~
>
Nl
I

=
e
[

We now examine the Hilbert transform on the parabola v = (¢,t?) € R?:
*° dt
Hw(f):p-V-/ f(fv*t,y*tz)?

This is a convolution-type integral, and so we are interested in the Fourier transform
of the above integral: indeed, we have

H/w(\f) =m(&n)f(&n),

where -
m(&,n) = p.v./ e 2mi(Stnt?) @

oo t

Theorem 3.5. Let
o 2y dt
)=, [ e

. t

Then |m(&,n)| < A for all (§,7).
Corollary 3.6. We can write

H) =pv. [ fa-ty-t)F,

— 00

and f — H.(f) is bounded on L*(R?).
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PRrROOF. To this end, we consider new “dilations”
8o (&) = (8¢,6°n)

for each 6 > 0. We also consider a new “norm”

p(&,m) = |€] + [n]"/2.

These are the natural notions of dilation and norm for the parabola; indeed:

p(do(&m)) =dp&n)-

We decompose the integral into an infinite sum of diadic parts:

[ s
e t

e’} d ok+1
p.v. / o2t 4 /
o t ok
—oco<k<oo
Note that

2k+1

2
/ 6727ri(§t+77t2) @ :/ 6727ri(2k£t+22k77t2) ﬂ
2k t 1 t

by introducing a proper dilation: here each integral is taken over half-open interval
[a,b). We then have

m0(2k€7 22k77)a

where

2

o 2y dt

m0(£7n) :/ e 2 1(£t+7]t )?.
1

‘We shall write )
moféom) = [0 .
1

Claim. (1) |mo(&n)| < A for all (€,7)
(2) mo(&,n) is a smooth function with mo(0,0) = 0; therefore, |mo(&,n)| < cp(&,n).

(3) Imo(&,m)| < c(p(&,m))~Y2.

The assertions (1) and (2) are easy. To show (3), we write
2
mo6n) = [ O a
1

2
_ [
1 t )

We now make an estimate using the first and the second derivative tests. We
first consider the case when & is very large, say, || > 10|n|. Then

O(t) = —2r <t+ 1 -t2> ,

£
A = ¢ and ¢¥(t) = 1. Therefore, |®'(t)| > 1 and
c c
<< -
o6l < 1 < Sg e

if || > 10]n|, and so p(&,n) > 1.
If |¢] < 10|n], then we write

d(t) = —2m <tf; + t2> ,
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so that A = 7. Then |®'(¢)| > 1 and
mo(&,m) < en” 2 < ep(€,m) 2.

Now,

m&n) = Y me(2¢,2%n)
k

= Y mo&2Mm+ Y mo(25¢.2%).
2k p(&,m)<1 2k p(&,m)>1

The first sum is estimated as follows:

ey p2F¢,2%n) = cf > 2

2kp(€,m)<1

IN
m\

The second sum is estimated as follows:

> p2fg, %2 = > 272 (g m)

2kp(€,m)>1 2k p(€,m)>1

/
C.

IN

We mention some other results involving oscillatory integrals. Suppose
P(t) =ag+art+ -+ apt”
is a polynomial with real coefficients. Then Corollary implies that

pv/ooeip(w@
v/ t

where M is independent of ag,aq,...,ax.

Corollary 3.7. We suppose that Q(t) = (Q1(t), ..., Qa(t)) is a polynomial function
from R to R?. Then the “Hilbert transform”

<M,

Ho()@ =pv. [ 1e—Qu) T
is bounded on L?(R?).

We now turn to the boundedness of M., where  is still fixed to be the parabola.
To this end, we consider non-isotropic dilations in R%:

x> dox = (02,0, ...,0%xy).

Here aq, ..., a4 are fixed strictly-positive exponents. The quantity a14as+- - -+aq =
Q is the homogeneous dimension of RY. With this definition, we have:

d(6 o x) = 69 du.
In general, many of the basic results, such as the above theorems, have valid
extensions where the isotropic dilations
x> dx = (0x1,0za,...,024)

are replaced by non-isotropic dilations: of course, the extensions will have to be
formulated properly.
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Example. Consider the maximal function M

~ 1
W) =sup s [ 15 pldy
where
Bs=doB={r=00y,y € B= unit ball }
and

m(Bs) = 09m(B) = ¢i¢.
While this is quite a different maximal operator, the boundedness proof essentially
follows by simply imitating the proof for the isotropic dilation case. Indeed:
Proposition 3.8. (a) 1M (F)llze < Allfllze (1 <p <o)
(b) m{z: M(f) >a} < ngHLl for all a > 0.

This follows from the non-isotropic Vitali lema: there is a ¢ > 0 such that if
Bs, (z1) and By, (z2) intersect and 1 > da, then

Bes, (x1) 2 Bs,(x2).

Theorem 3.9. Let
1
M, (f)(x) = sup o |f(z1 — t,mo — %) dt.
0<r &7 Jjt<r
Then
My (F)llzz < Allflle-

PROOF. It suffices to assume that f > 0, and establish

sup |Ax(f)
kezZ

< Ol
L2

where
Akf = 2_(k+1) / f({,Cl — t,l’z — tQ) dt.
Jt|<2*
These are very “singular averages.”
Let ¢ be a smooth bump function, viz., a C* function on R? such that ¢ > 0,

¢ supported in |z| < 1, and
/gp(x) dx =1.

or(x) =273 (2 ke, 272k gy),
we see that [ ¢p(z)dz =1 and ¢y, is supported on Byr with m(Bayr) = 23*m(B).
We write

Setting

M) == [ fa=pes)dn

so that
1
My(f)(z) < Cm . flz—y)dy
ok
< eM(f).
It then follows that
sup [Mi(f)I|| < cl[flles
k L2
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whence it suffices to compare My with Aj.
This coparison is done by a square function S defined by

(S @) =D (Ar(f)(@) — My f(x))>.
kEZ
Observe that
[ Ak (f)(@) = Mi(f) ()] < S(f)(2),

and so

sup Au(f)(a) < S(F)(a) + eH() ).
It thus suffices to prove

Lemma 3.10.
IS(Hllz> < el fllz2-

PROOF OF THE LEMMA. Let ¢(€) be the Fourier transform of ¢, which is

/ /ei?m(&\ﬁmz)‘ﬂ(ml,xz)d$~
R2

‘We note that

1. ¢ is smooth.

2. ¢(0) =1

3. ¢ is rapidly decreasing at infinity, so in particular |¢(€,n)| < c¢(p(€,n))~ /2
4. or(&,m) = p(28¢,2%Fn).

Therefore,

(Ax = My)(£)(&m) = ma(&m) — r(Esm),

where
my(&,n) = 271(1/ e~ 2mIEHNE) g — (27¢,2%%n) .

[t|<2F
‘We note that

1. myg is smooth.

2. mo(0,0) =1

3. mo(&,m)| < ep(&,m) "2
We thus conclude that

(Ax = M) (/) = Ak - f,
where
Ak(&,m) = me(€,m) — dr(&,m) = Do(2°¢, 2% )
and
1Ao(&m) < ell€l+ D) < ep(§m) if p<1;
Ao&m)| < elp(&m) 2 ifp> 1.

But by Plancherel’s theorem,

(A= M) = [ 18Pl € dsdn

24
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SO
ISUHIZ: = D 1I(Ak = M) ()2
k
= /(ka(s,n)F) |fI? dg dn
k

SR

= ¢ [ 1@
for Y, AR (6 < 2. O

The proof now follows from the lemma. We also note that

> 2%pm)? < e

2k p<1

do2FpemT < e

2kp>1

Further readings in Stein, Harmonic Analysis:
e Oscillatory integrals: Chapter 8, sections 1-3
e Maximal functions and singular integrals on curved varieties: Chapter 9,
section 1.2 and 2.



CHAPTER 4

Discrete Hilbert Transform on the Parabola (L. B.
Pierce)

In this section, we shall prove the L2-boundedness of the discrete Hilbert trans-
form on the parabola.

1. Preliminaries
We shall start off by considering a few general properties of discrete operators.

Proposition 4.1. If Tf(n) = >, f(m)K(n,m) and T is translation-invariant,
viz., Tory, = 10T, then there exists a function f, such that K(n,m) = Ko(n—m).

Example. Let
Tf(n)= Y f(n—P(m))K(m),

mezk

where P : ZF — Z! is a “polynomial.” This is easily seen to be a translation-
invariant operator.

Example. We let
Tf(n,t) = Z f(n—=m,t —n-m)K(m),
meZk

where n € Z* and t € Z. This is not a translation-invariant operator, but it
is translation-invariant with respect to t. We call such a T a quasi-translation-
inwvariant operator.

Proposition 4.2. If T is translation-invariant, then T is bounded on [ if and only
if there exists an m € L°°(T¥) such that

T=7T77"
is of the form
Tf(x) =m(z)f ().
In this case, we have
[m(z)||zoe = TNzt

Here % is the Fourier transform f — f from Z* to T*, defined by

£0) =" f(n)e >0,

nezk

and .Z ! the inverse Fourier transform h — hY from T* to Z* by

1
hY (n) = /0 h()e* ™0 dp.

26
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Instead of considering (7“7)(9), we can consider f(6) via the identity

(T1)(6) =m(60)f(6),

where m is the Fourier multiplier.

Proposition 4.3. If T is translation-invariant and bounded on [P for some 1 <
p < 00, then T is bounded on 1% and

1T lir e = T [l12522-
‘We observe that

THO) =3 fn— P(m)K (m)e 270,

By switching the order of summation and sending n — P(m), we have

—

(TF)6) = D> fln—P(m)K(m)emm?

whence

m(e) — Z 6727riP(m)6K(m).

m
Today’s main thereom is the following:

Theorem 4.4. The discrete Hilbert transform on the parabola

_ _ 2
Hyarf(n) = Y2 T =1 02200,

mEZ
m#0

then Hpar a bounded operator on 2.

From the above discussion, we see that it suffices to show
m[ L0,y < e
To this end, we write the Fourier multiplier as
—27i(m204+myp)
e
m(6 = -
0:9) = -
m##0
We need to show that
e—27ri(m20+map)
P
m
m##0
independent of 6 and .
Note that we cannot pass the absolute value inside, for the result is a harmonic
series. We would like to avoid integer phases, thereby avoiding

627Tik: - 1.
a b
q’q
of (m?,m) modulo q. As ¢ gets large, we get to “worry less.” Our goal is to make
these “worries” precise.

If (0,¢) ~ (5, g) with a “small” ¢, then we shall say that (8, ) lie in a major
arc. If (0, @) ~ (2, Z) with a “large” ¢, then we shall say that (6, ) lie in a minor

Indeed, anytime we have (6, ¢) &~ (2, 2), we have to “worry” about the distribution
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arc. We will also define these terms precisely, including the symbol ~. To this end,
we shall make use of three tools from number theory: Diophantine approximations,
exponential sums and Weyl bounds, and theta functions.

2. Diophantine approximation

Theorem 4.5 (Dirichlet’s approximation principle). If 6 € [0,1] and N > 1, then
there exist integers 1 < a < ¢ < N with (a,q) =1 such that

where | - | is the “distance to Z.”

SKETCH OF PROOF. We look at the N + 1 numbers 0-6,1-6,..., N -0 modulo
1. If we divide [0, 1] into N intervals

[Ovl/N]v[]'/N,Q/NL a[(N_ 1)/N71]7
then by the pigeonhole principle there are 1 < a,b < N such that
1
0 — b0 < —
a8~ b0] < —
modulo 1. Then we can find r € Z such that
1
0—b0 —r| < —
|Cl TI — N’
whence the desired result follows. O

3. Exponential sums

We shall consider three types of exponential sums. A linear exponential sum is

N
2minb
S = E e ,
n=1

which has the geometric sum

e27r7,m9

I
WE

1
2760 (1 _ eQTriN@)

3
Il

(&

1 — e2mid
eQﬂ'ieeﬂiNﬁ(e—ﬂ'iNH _ eﬂiNO)

eﬂ'i@ (efm‘e _ eﬁi@)
—  mi(N+2)0 sin(rNb)
sin(70) )
We have the trivial bound
S| <N

everywhere—especially near zero—and so

1
< mi — .
|5] < min <N’ |sin71'0|>

We now observe that

1
[sinwal > e,
2
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where ||| is the distance from « to the nearest integer. It follows that we have the

bound
1

|S| < cmin (N, ) .
16]]

There are two types of quadratic sums. A Gauss sum S(a,q) = S(a/q) for any
a and ¢q with (a,q) =1 is

q
S(a/q) — Ze2wzan /q_
n=1

A Weyl sum, which subsumes Gauss sums, is defined as

N
S = Z eZﬂ'iP(n)G,
n=1

where P(n) : Z — Z is a polynomial and 8 € [0,1] a real number.
The Gauss sum is easy to characterize if we are summing over rationals. Indeed,
if  =a/q, then

i p2mina/g _ )4 if a =0 (mod ¢);
= 0 ifa#0 (mod q).

This follows from the orthogonality of characters
X(a) (TL) _ 627rian.
Theorem 4.6 (Square-root cancellation for Gauss sums). |S(a/q)| < cq/?.

PrROOF. We make use of the so-called “squaring trick”:

S(a/g)* = S(a/q)S(a/q)

_ Z ZeQWi(mQ—nQ)a/q.
Substituting m — n + [ yields

|S(a/q)\2 _ ZZGQwi(nﬁfrﬂ)a/q

— Z (Z 6271'2’(271[0,/q)> 627ril2a/q,

l

Z 6271'2'(2nla/q)

is linear in n. We apply the special case computed above by considering three cases.
If ¢ is odd, then

where

S(a/q)]* = q.
If g is even, we consider two subcases. If ¢ = 2 (mod 4), then 2] = 0 (mod 4), and
S0

S(a/q)? = q (€290 + m99/2) = g(1 —1) =0,
If g =0 (mod 4), then 2! =0 (mod 4), and so

S(a/q)? = q(e®™4% + em1/%) = (14 1) = 2.
It thus follows that

1S(a/q)| < e/,
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as was to be shown. O

We now turn to the general Weyl sum of degree two. H. Weyl wanted to
know whether the sequence (n6)S2 ; modulo 1, where 6 is an irrational number, is
equidistributed, viz.,

J\;im #{1<n<N:nf (mod1l) € [a,b]} =b—a.
— 00

The answer is yes, and we have the more general Weyl’s criterion: namely, the
sequence (a,)52  is equidistributed on [0, 1] if, for all I # 0,

N
Z 627rianl — O(N)
n=1

as N — oo. This line of thought led to the following theorem:

Theorem 4.7 (Weyl bound, degree 2). Let 6 € R and suppose that (a,q) =1 such
that

=
q

1
q72.

Then, for
N
S(0,6) = 3 s
n=1
the following bound holds:

N
500,601 < (375 +02) Qo) 2,

Proor. We appeal to the squaring trick again, which is also called the Weyl
differencing process:

|S(97 90)|2 = 5(97 30)5(97 90)
= Z ™ ((m* = n*)0 + (m —n)p) .

1<mn<N

The substitution m = n + [ yields

S0, = > 7 ((m®=n”)0+ (m—n)p)
1<m,n<N
_ Z e2m((l2+2m)a+l¢)
1<n<N

1-n<IKN-—n

.12 .
— Z 627rz(l 0+1p) Z 62771(211[9).

<N 1<n,n+I<N
Since

: 1
27i(2nl0) < mi N
2 —mm( ’||2w||)’

1<n,n+I<N
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we have

SO0 < > miﬂ(N’an

| <2N

1
o +2 3 mm( ||w||)

1<I<2N

IN

‘We shall make use of a bound for

1
Z min (N, 0) .
M<oTh g [n]

By writing 6 = % +7, 9] < q%, we are led to the following

Lemma 4.8.

Z min( a0 9”> < N +qlogg

M<n<M+q

PROOF OF LEMMA.

Claim. For any real number u, there exists at most three choices of n in M <n <
M + q such that

1
[n8 —ul| < .
2q

PRrROOF OF cLAIM. Let n = M + m, and observe that

1
— = [nf—u
2q
[(M +m)f — ul
= [[mf — (M6 —u)|
= [[mb — ]|,
whence we conclude that
1
[n0 —ul| < -
2q

implies
1
[lmf —v|| < —.
2q
We now apply the above calculation to obtain

a
m— —v
q

= [[mb —my —v[| < |[mf — o]l + [[myl].
Now, we have ||mf —v|| < o q and |[|[my| < ¢q- q% = %, and so
I
m——uv
q

Therefore, there are only three choices of m, whence there are only three choices of
n. (]

<2
-2
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We now let

123 2
S = {q/}
q 49 q q
whose cardinality is ¢/2. We average the sum
1
Z min <N7 )
M<n<M+q 0l
over . as follows:
1
> (M) =Y S (v,
M<n<M+q H || | ‘ ue M<n<M-+q || ||
It then follows that

>, ()

M<n<M+q

I (N ||nle|>

wES M<n<M+q

1
S IE Y T
= 1
y ues MﬁnSM-‘rq ||’I’L9H
Ino—ull < =
< 3N+ —

1 1
71 2 Z =172

where the last inequality follows from that uw = b/q and 1 < b < ¢/2.
We conclude that

q/2

. 1 1
X () < e S
q/2 1
< 3N+gq mZ:l —
~ N +qloggq,
as was to be shown. ([

It thus follows that
N
1S(6,9)” < N + (q + 1) (N +qlogq),
which is the desired bound. (I

We merely state the general Weyl bound:

Theorem 4.9 (Weyl bound, degree k). Let 8 € R and suppose that (a,q) =1 such
that

’e o< L
q q
Then, for
N
Z 2miP(n)6

n=1
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with a degree-k polynomial P, we have the following bound

1
1 1 g \ 2T
S| < Nite(— 4 -4 L .
1S| < con (N+q+Nk>

4. Major and minor arcs

We now return to the problem of Fourier multiplier:

2mi(n%0 + ne
mio,p) = Y ZIENE),
m##0

We set K (z) = 1 for |z| > 1, and write

k= Z K;(z),
§=0
where
. Xza‘g\z|§2j+1($)/
x
Then
Z 627Ti(n26’+ntp)
7=0 [27<n|2i+1 "
We fix N =10-27, j and 0 < ¢ < 1/4. Given any © and N > 1, Theorem
implies that there are 1 < a < ¢ < N such that

‘ga <L
q qN

If ¢ < N'7¢, then we say that @ is in a major arc: for each 1 < a < ¢ < N'~¢, the

set
a b a
M() :{ 0,q) € 0,12:‘9—
i\7 7 (0,q) €[0,1] .
is called the major arc. For fixed a and ¢, a minor arc is the complement of the
union of major arcs.

=
<
Sy

I
NE

<iand —é<i
SN 2

Proposition 4.10. For a fized j, all major arcs are pairwise-disjoint.

a b a b
M (L2 am (£.2) 20
]<q Q> ]<q’ q’>7é

Then there exists at least one 6 such that

PROOF. Suppose

1 aq’ — ¢ a a a a’ 1 1
7,37(] ,qq:* ,S‘—e‘-i- ,—H‘S-i-, .
qq qq g q q q gN  ¢'N
Suppose ¢ < ¢’. Then we have
1 2
— < —,
q9 q
and so
, N
QZ5§

this is evidently absurd, for ¢/ < N'~=. O
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We now define a new version, independent of j:
b 1 b 1
I<aa>{(03¢)9 gQ?@’S}
q4q 10q q] ~ 2q
These are disjoint in a weaker sense: If I(g—:, 2—1) N I(g7 g), then ¢ and ¢’ must be
widely separated. What do we mean by this? Recall that
1
7/ S
qq
if and only if

a

q

a a

q ¢

/
10§(q+q,>,
qa 4q

which then implies that either ¢ > 5¢’ or ¢’ > 5q, hence “widely separated.” We

remark that
R
q q q g

We now assume that 6,¢ lie in a minor arc. We use partial summation to
obtain

a/

+lo-5

1 1

/ !
aq —d'q
= 10g? * p(q')?

aq

/

g’e—“
q

Z 627Ti(n29+n<p) 7 Z Sn _ Sn—l
n B n ’
|n|~2i |n|~s2d
where
1Sul = |3 exititosee).
k=1
If ‘9 — % < q% and (a,q) = 1, then by Theoremwe have

|1Sn| < (nq‘l/2 + ql/z) (log q)'/2.

Since 6 is in a minor arc, any such a/q must have a large g, i.e.,

N'"*<¢<N.
‘We now note that
Sn — Sh_1 1 1 S,
—_— | = - — Snl=27-27% sup |S,],
> St s s 15

|n|av2i |29

1 1 1

- - =0|—=].

n n+l <n2 >
In particular,

2/ 27% sup [5,|=27-27% (Nq‘12 +q1/2) (logq)'/>.

|n|~27
Since N =27 .10 and N'=¢ < ¢ < N, we have

for

whence the total contribution of minor arcs is

> o2 <c,
7=0
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which is independent of § as long as 6 is in minor arcs.
We now turn to major arcs. Let 6 € /\/lj(%, 2), and write 0 = % + « and

p = g + . We shall separate the sum

o 2mi(n2 (8 +a)+n(L+6))

. n
|n|~27

into the product of the arithmetic part and an integral. To this end, we write
n = mq + [, where m,l € Z such that 1 <[ < q. The above sum then turns into
the following;:

o 2mi((ma+1)* (& +a)+(ma+1) (2 +5))

> p— + O(g2%).

1<I<q 27 ¢y 2941
qa — - q

The error term O(q27) is acceptable, viz.,

oo oo oo
D27 <) (10-2) 2 & Y 279 < € < oo
j=0 j=0 =0

we therefore omit the error term of type O(¢27) from now on.
Observe that

(Z + a) (mg+1)?% = (m?¢*+2mgql +1?) (Z + a)
— eZ‘n’il?a/qe%ri(mq—i-l)za

The dyadic sum thus equals

q i 2
Ze[2m‘(lza+lb)]/q Z e2mi((mg+1)° a+(mg+1)B)
— i mq+1

q

We can approximate the first sum by appealing to Theorem

e
qa q

We shall approximate the second sum via

q o
Ze[2wz(l a+1b)]/q
=1

Theorem 4.11 (Van der Corput). Suppose that f is a real-valued C?-function such
that

(1) f' is monotonic
(2) |f'(@) <v <1
Suppose furthermore that ¢ is a differentiable map such that

(1) |o(x)| <1 for all x
(2) [Z_]¢'(z)]dz < 1.
Then

b b b
Z 27 (M) () :/ 2@ o (2) da + O (/ |’ ()] dx) )

where the error term equals O(1).
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Here we set f(z) = (zq +1)?a + (zq +1)3, so that

If' ()] = [2aq(zq+1)|+ g

1 27+l 1

< 2‘1<qN>( p 'CI+Q)+Q'2q
< 2( ! _>(2j+1+(10~2j)1—8)+1
10 - 27 2

< 1

Moreover, we set p(x) = which is clearly bounded by 1, and

_1
zq+1’

[overse] eps [ wrms

We can therefore apply Theorem to conclude that our dyadic sum equals

Ze[Qﬂi(l2a+lb)]/q/ .62wi((yq+l)2a+(yq+l)6) dy + error ,
=1 lyl~3F ya+1

where the error term is O(¢g277), and so negligible.
Our approximation still depends on [ so we are yet to be done. Note that

/ 2milya+D?otwernp) Y 1 / 2mi(z?atas) 4T
lyl~2 ya+1 qJjat|n2 z

1 . d 1 ;
_ 7\/ e2m(12a+m5) ax + ( .q- 23> .
q J|z|~2i r q

The last term is O(277), so we ignore it. We have thus shown that

27ri(n29+n<p) 1 b ) d
¢ T _Z5 (a, ) / e2ri(e*atap) 4T + acceptable error.
¢ \q"q) Jign2 x

|n|~27

Recall thatEl

CI)(U,U) — / eQ‘m‘(uxZ—H}x) di,
1<[e|<2 dzx

which then yields

2mi(n?0+np) 1 b _ .
Z ¢ T _ g (a, ) ®(2%a, 27 3) + acceptable error.
n q q q

|n|~29
How do we proceed from here? We shall make use of the followinﬁ

Lemma 4.12. (i) |®(u,v)| < A(Ju|V2 + |v]) if [u['/? + |v] < 1;
(i) 1®(u, 0)] < A(|ul'? + o) 712 if [u /2 + o] > 1.

Fix 60,. We shall “sum over j.” Toward this end, we let I, /,. denote the
major arc 0 lies in for j (if any). We sum over all j such that Z—j is the same

LStein’s notes and Lillian’s notes have u and v backwards.
21,00k at Stein’s notes
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fraction as %:

o0
> (2%, 278) <Y |®(2%0,278)|.
0<j j=0
All j s.t
’;—Z = fixed ¢

By the above lemma, this is bounded by a constant C. We have thus shown that

i Z oscillato:;y bit (6 Z S(a b> Z D],
a b

7=0 |n|~2i j

where the second sum is bounded by C.
We now approximate the first sum. We can merely sum over all possible ¢, for
the major arcs are disjoint. We observe that

1 a b 1
Si(53) < Tgmues®
X ‘

< (5]')71/2
§=0
S A;

for ¢ > 5¢'.



CHAPTER 5

Discrete Fractional Operator (L. B. Pierce)

Definition 5.1. Given an integer £ > 1 and a real number A € (0, 1), we define
the discrete fractional operator to be the sum

o (n—mF)
I af(n) = Z S S

m=1 m
for each f.
We have shown that I; ) is a bounded mapping from [? to {7 if and only if
1 1
—<—-=(1=X
. (1=2)

We have the following extension of this theorem:
Conjecture 5.2. I ) : [P — 9 if and only if
(i) 3 <5- 5
(ii)
k = 1 is easy, as we have shown above. k = 2 is hard, and was established
in a series of papers by Stein, Wainger, Oberlin, and Ionescu. k£ > 3 is extremely

difficult, and is, in some sense, equivalent to a 100-year-old unsolved problem in
number theory.

Q= =
\
i~
ol

1. Basic properties of fractional integral operator
We now investigate a few basic properties of the fractional integral operator.

Proposition 5.3. I} is translation-invariant.

Indeed,
(LA )(0) = mia(0) f(6),
where
o0 6727rimk0
a0 = 32

Theorem 5.4. For each 0 < A < 1 and for every o > 0,
{0 : mpA(0) >a}] <a™",

where
k

BNy
This means that my » € L™>°[0, 1], called either the Lorentz space or the weak
L™ space.

38
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Lemma 5.5 (Stein-Wainger). If T be a convolution operator acting on functions
[+ Z — C with Fourier multiplier m, viz.,

(Tf)"(6) = m(9)/(6),
then m € L™>°[0,1] implies
T:P =11
for all

AR
S |-

1
q
and1 <p<2<qg<oo.

The proof of this lemma, which we omit, makes use of properties of Lorentz
spaces. (Look it up in Pierce’s thesis)

To show Theorem it suffices to prove that my » € L™>[0,1] for A} < A < 1,

where
k

2k —1°
note that A}, = 1/2 as k — oo. This line of reasoning is a
latino argument.”
There are two ways of establishing that my » € L™>°[0,1]. The first is a circle-
method argument. Noting that

A =1

<

‘very standard interpo-

—2wim® 0

mk,A(Q):Z Z QT,

3=0 |m|~2i
we can use the Weyl bound for # lying in a minor arc with respect to j, and an
arithmetic integral for 6 lying in a major arc with respect to j. The bound

(-

is the standard bound on Gauss sums. For the restricted range

q

Z e[—27riank]/q

n=1

< ql—l/k

1
1-— o8 <A<,
we may consider
1l-— <A<
2k-1 41
when k is small, and
1
- <A1
3
5k?logk

when k is large.
The second method makes use of Waring’s problem and the mean-values of
Weyl sums. We lower our expectations to

1

- 1

5 <A<,

which leads us to the following

Claim. Forr = %, we have
L>[0,1] C--- C L"[0,1] € L™*°[0,1] C L*[0,1]

whenever r > p.
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PROOF OF CLAIM. To see this, we suppose that m € L™°°[0,1], and set
Ala) = {z € [0,1] : [m(z)[ > a}|.

n

By the assumption, A(a) < a”

1/ a7 A(a) da
P Jo

e I
= 7/ oA () da—i-f/ o A(a) da.
P Jo P J1

, and so

”mHLP[OJ]

Note that ) )
/ o A () da < / o lda = 0(1),
0 0
for A(a) is bounded, and

/ oA (a)da < / P~ da = O(1),
1 1
for r > 0. It follows that m € LP[0,1], and we are done. O

What is r = % when % < A < 17 Note that this implies 2k < r < co. We
wish to show that
Mg\ € LZk[O, 1]
whenever % <A< L
Why might this be reasonable? We assume that my x € L2*[0,1] for all % <
A < 1, which then implies that (mg ) € L?. Then

o0 _2minke k
€ _ —2milf
oA - e
n

n=1
is in L?[0, 1] for all % < A < 1, where the Fourier coefficient a; is computed by
1
a; = ~
nlgnl ny---ng
l:n’f—&-m-‘rnt
Note that n;“ < [ implies that ni\ H, ng < [*, whence
a; > l_ATk,k(l).

Here we have written ry (l) to denote the number of representations

ol

Since Y a;e?™ € 20, 1], we can use Parseval’s theorem to show that

Z lay|* < oo,

l

l=n

whence
oo

> (k)17 < 0.
1=1
Applying partial summation formula to the above expression, we have
N N

N N
Z(Tlc,k(l))Ql_?)\ = Z(Tk,k(l))QN_Q)‘ _/ Z(Tk,k(l))Q(_Q)\)u_Q/\_l du.
Lok=1

=1 =1
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By the assumption, this is bounded for all % < A < 1. In particular, we can now
conclude that

N
S (res(D)? = O(N1H)
I=1
as N — oo.
It then follows that we have, on average,

Tk,k(l) S le.
If we write 75 ,(I) to denote the number of representations

If+...+x’;’

l==x
we know from Waring’s problem that
Toge(1) ~ cs g (DIF/E71 4 o(13/F71)

for sufficiently large s with respect to k.
It is a classic result that ro o(1) < I¢ is true. Mahler, however, showed in 1930
that 73 3(I) < I¢ is utterly false. If we look at the averages, then we have

N N
Do) = D #{i=al+ +af)
k=1 =1

(Nl/k)k
= N

IN

)

which yields no information. This leads us to the following

Conjecture 5.6 (Hardy-Littlewood, Hypothesis K*). For each k > 2,
N
> (rk(l)? = O(N')
=1

as N — oo.

For k = 2, we have shown the stronger result

N
> =0(N").
=1

If £ = 3, the GRH, HW§g of Hooley and Heath-Brown shows that the above works.
We have no information for k& > 4.

In the other direction, Stein and Wainger showed that is equiv-
alent to mg »(6) € [0,1] for all % < A < 1. If, instead, we assume property K,z’k(ﬁ),

viz.,

N

> (ra0)? = OV

1=1
for 1 < 8 as N — oo, then something weaker holds. Indeed, § < 2 in this case. If
we assume property K7, (8), viz.,

N

> (res(D)? = O(NF)

=1
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as N — oo for 8 > 1, then, given 8 > 0, we have equivalence of the following
statements:

e my\ € L*[0,1] for all % <A<1
e Property K7 ,(B) is true.

It is known that
sk (l) ~ Cs,k(l)ls/kf1 + error ,
where s is “much bigger” tha k. Wooley (2001) showed that

log k
log2 |~

s>>2k2—2[

For s = k, Hua’s inequality yields substantial information for 5 > 1. If s is small
with respect to k (s < k), then

N

> (rax(D)? = O(N*/¥)

=1

whenever
1 logk

=0 log log k ;
this is a result of Salberger and Wooley, published in 2010.
Unfortunately, if deg(P) > 2, then studying

> f(n—P(m)K(m)

is very, very hard.

2. Quadratic fractional integral operator

We define a “new” operator

_ 2
nmy =3 0 m)
m#0
meZ

which satisfies the following:

Theorem 5.7 (Stein-Wainger-Oberlin-Ionescu). For 0 < A < 1, we have I : [P —

17 if and only if
(i) £ <5 =45
(i) %<)\and%>1—/\.

The proof of this general statement is difficult and very deep. We shall instead
show that my(#) € L™, where r = 2. Recall that

1-X°
e—27'rim20
ma(0) = Z oy
m##0

We make use of the following identity:

m= = (27r))‘/2F <;‘> /Oo 6727rm2yy)\/271 dy.
0
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Appealing to the identity, we have

6727rim20 00 5 B)
(1) ma®) = 3 - Ck,k/ S ezt uio) 2=l gy
m#0 0 m##0
Here
Z 6—27rm2(y+i0)
m##0

is a theta function.
Historically, the classical theta function were defined by

@(7_): i eiﬂ'nzr

n=-—oo
where 7 = x + iy and y > 0: hence in H. Note that © is a modular form with

respect to SLy(Z). First off, ©(7 + 2) = O(7). Secondly, we shall use Poisson
summation to derive an expression for ©(—1/7). We define

f(u) — eiTruQ(iy) _ e—ﬂ'u2y _ e—ﬂ'(u\/ﬂ)z7

whence

f-(u) _ / 677r(u\/§)26727riuv du

—0o0

1 e 2 .
_ 7/ e~ W e—27rzw(v/\/ﬂ) dw.
—o0

VY

. . . — 2 . .
Since the Fourier transform of the Gaussian e VY is itself, we have

i/ e—ﬂw2e—27riw(v/\/§) dw
VY J -

_ L

VY

1

- Py
VY

By Poisson summation, we have

S = Y )
Z eiﬂ'n2 (ly) _— ;; eiﬂ'nz(i/y)

_ (L UQZefan/(iy)
- () 2 ,

If we set 7 = iy, then this result holds for a line on the complex plane, whence by
analytic continuation this identity holds whenever it is holomorphic. Therefore, we
can write

o(r) = (i>1/2®(—1/7),

T

as was to be shown. This is called the Jacobi inversion formula.
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Consider equation floo has absolutely convergent Fourier series, hence the
corresponding operator maps [P to [? for all p > 1. Indeed, the Fourier coefficients
of [[* are as follows:

S
.2 2 L2
E 6727r1m 9/ 6727rm yy)\/Qfl dy _ E Cm6727rzm 9;
1

m

here we have
o0
e = [ ety oy
1

for |m| =1, and

IN

lem|

> 2
/ e—27rm y627ry dy
1

o0 2
c/ e=2m(im*=1y g,
1

e—|m\2—1
X (|m|2 1

for |m| > 2, where the error term is rapidly decreasing.

We now establish the second part of our assertion. Given a multiplier m with
absolutely convergent series, we suppose that T has a multiplier m. Then Tf =
f* K, where K = mY, and so

IN

1
K(n) = / m(0)e2mm dp.
0
By Young’s inequality, we have ||Tf||ie < ||k||;2||f|liz, Wwhence

IKp = Y |K(n)

1m e?‘n’inG
zn:/() (6) d@‘
Z‘C—n(mﬂ

< 0Q1).

It follows that T : [P — [? for all p < q.
We reduce equation [I] further by noting that it is sufficient to study the Fourier
multiplier of

1
va(0) = / Oy + i0)y>/* dy,
0

where

O(z) = Z e~ 2mm?z,

mEZ

This series is absolutely convergent for Re(z) > 0, and uniformly convergent for
Re(z) > 0 > 0 for every § > 0. Note that we have added the m = 0 term to

2 .
Z e—27rm (y+1i0) )

m#0
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We now consider theta functions associated to a positive-definite quadratic form

Oq(z) = Y e *memz,

mezZk

Q

where Re(z) > 0. Here
Q(z1,...,xx) :x%+...+$i _ |$|2
It is convenient to write .
Q(LL') — §$tA{,C7

where

A:

2

A is a symmetric positive-definite matrix with even diagonal entries. We can then
define the adjoint quadratic form

Q(z) = %xtAflx.

We remark that there is a transformation law between ©¢(z) and ©g-(1/z).
More precisely, the following holds:

Theorem 5.8. For 0 = % + a, we have

Oy +i0) ! S Sy(a—mig)e” o
Q = k—k/Q ; T
¢"|Al(y + i)k 2=,
where A is the matriz for Q and
Sola,biq) = ) emilaetbrl/e

re(Z/qL)*
r=(r1,..., TK)

PrOOF. We shall make use of the following
Lemma 5.9. If (a,q) =1, then
Sq(a,b;q)| < cg*/?

This is, of course, a straightforward higher-dimensional generalization of the bound
on the usual Gauss sums.
We claim that
QW)

67271'Q(Zq+7‘)z _ 27ir- l/qe prope
Z k‘A|1/2zk/2 E :
lez* lezk

whenever Re(z) > 0. To this end, we assume without loss of generality that z =y
and Re > 0; indeed, a simple analytic continuation will do. By Poisson summation,

we see that
Z e 2mQ(ng+r)y Z f(n

D

e27rz'r-n/q

GE|A[T/2yk2 ¢

—27Q" (n/q9v/Y)
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The Fourier transform

F© = [ fla)e®m = da
Rk
is computed by first plugging in f and diagonalizing @); then we note that
k
Q(z) = vixf,
i=1

and split the integral: we will then end up with normalized Gaussians, whose
Fourier transform we know.
We apply our claim to conclude that

00 <y+i(z+a)> = YRR )
S Y QUi ),

re(Z/qL)* €Tk

Note indeed that
Qutv) = S(ut0) Al +v) = Q(u) + Q(v) +u' Av,

whence

QUg+r) = Qg)+Q(r)+ql'Ar
= Q)+ Q(r) + ql' Ar.

It thus follows that

®Q (y +1 (a + Oé)) = Z eiZﬂQ(m)(?JJri(%Jra))
7 m
= Z Z e—2ﬂQ(lq+r)(y+i(%+Q))

re(Z/qZ)k leLk

_ Z e—2miQ(r)a/q Z e—2mQ(lg+7)(y+ia)
re(Z/qZ)* lezk

What we have shown in our simple case is as follows: if

2

2
A =
2

Q(m) = m®

12
PR 1/2
1/2

. !

Q" (m) = 1m2-
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For 6 = g + a, we have

1 7l"!7’1.2

O +i0) = g - 3 S(a, ~mig)e T,

where ,
S(a, b; q) _ Z e 2mir a/qe—ZTribr/q.
r (mod q)
Indeed, S(a/q) = S(a;q) = S(a,0;q).
We shall show that
Y fm)=>fn)=F0)+> fn),
n#0
where >, f(n) is a small error term. To this end, we assume that
(1) (a,q9)=1,1<a<gq

(2) ¢ <y /2
(3) glal <2, 0= %+ a.

and make use of the following

Lemma 5.10 (Approximation identity).

. S(a;q) . \—1/2 —1/4
Oy +ib) = —=(y + i« /er 4.
(y+6) = = “25(y+ i) 2 ()
PRrROOF OF LEMMA. We note that
S(a;q) . \—1/2
Y+
2 ( )

is the m = 0 term, whence it suffices to show that (y~'/4) corresponds to the
remaining sum 20~ We observe that

Tm

|S| - ;7””2. C _ 2y
— e 4d*(ytia) < - e 4a2(y2+a?)
%q\/?(yﬂ‘a)”z ¢'2(y? + a?)/t n%j‘o

Y

By the assumptions, we have ¢?y? <y and o?¢? < vy, and so

1< Y .
~ ¢ (y? +a?)
It thus follows that

SRR I
m#£0 m7#0
< Ce—Cu
< w4
where 1 < u, whence
o —1/4
total error term < ———— oN1/4 ( 2 Qy 2 )
q2(y? + o)V \ g% (y? + a?)
= Oy~ Y.
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We now rewrite the desired integral as

9—J+1

1 [e%s}
/@(y+i9)y’\/2_1dy _ Z/ Oy + i)y dy.
0 = e

We define the major arcs for 277 <y < 279F! a5 follows: we fix j, and, for each
1<g< 42/2 1<a<q, and (a,q) =1, we set
al o 1

M;(a/q) = {9 € [0,1]: ‘9_ .

The corresponding minor arcs for j are

0.1~ [ M;(a/0)

a,q

!

a [¢

Of course, the major arcs are disjoint: if (a,q) # (a’,¢’), then
/
a

L < 02+ 10 <1 !
9 ~lq ¢ B R A TR T
It is again convenient to have a j-independent version of the major arcs. To
this end, we define, for (a,q) =1,
< 1
~ 102 [

<

a

q

M*(a/q) = {e: ’9—

M*(a/q) has the following properties:

) Mj(a/q) € M*(a/q).
) M*(a/q) "N M*(a’/¢) if ¢ <a<2q.

There are three types of terms in vy (6):

(1
2

(1) The main term of © on major arcs
(2) The remainder term of © on major arcs
(3) © on the minor arcs.

We classify (3) first. For a fixed j, the minor arcs are

1 1 .
0: if 9—g < —, thean—Zj/2 .
q| = q2i/2 10
Therefore,
. S(a; - _
O(y+1i0)] < c@l(yﬂa)l 2oy
< VTP oTY
< 274912 L 02174

= 002" + 02/
= 02",

Plugging into vy (#), we have
Z Xminj (9) /
j=1 2

9=+l 9—Jj+1

(__)(y + ie)y/\/Q—l dy — ZXminj (0)/ 2j/4y>\/2—1 dy,

-7 2—3J

Jj=1
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whence
iw‘/‘*z—j(%) < oo
j=1
if A > 5. Therefore, we have shown that vy, (0) € L*°[0, 1]. Furthermore,

0o o—i+1
Z/ Y lay =0(1)
j=17%"

. 1 o

if A > 5, whence YAomainder (9) € L]0, 1].

We now consider (1), the main term of the theta function on the major arcs.
Let x/ /q be the characteristic function of M;(a/q), and X,/ the characteristic
function of M*(a/q). We fix an a/q pair and sum over all j (with a fixed 0): the
contribution of the main term of © is

Y+ (0 — a)
q

1 o ) 9—J+1
——8(a;q X, (0 /
0O [

) o g—it1
—=S(a;9) > X 9/
0O [

Observe that
J

1
_ _ . a
< ¢oq 1/2Xa/q(9)/ y>\/2 1 y-i—z(@—q)
0

Setting oo = 6 — a/q, we make the change of variable

1
[ o)
0 q

We note that
/ Py dy < / Mty = o),
for A > 1 and |y + ¢| > 1. Furthermore,
/OO g2y + i 7 dy < /OO Y2y T2 dy = 0(1),
1 1

since A < 1 and |y + ¢| > y. It thus follows that the contribution to the Fourier
multiplier from a fixed a/q pair is

—-1/2
y)\/2—1 dy

. a\|? A/2—1

—1/2
dy.

~1/2

dy. _ |O¢|>\/271/2/ y/\/271|y_’_i|71/2 dy
0

_ a
q 1/2Xa/q(9) ’g _

Therefore, we can write the Fourier multiplier as

DD DD DRI

s=02:<g<25F1 (a,9)=1 q
1<a<gq

—3(1=3)

We check that m € L™°°[0,1]. Indeed
{6 Im(0)] > B} < 57"
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Note that g(u) = [u|~2(1 e Lm°[0, 1]:
Hu: Jul < ﬂ’%}\ <B,

_ 2
where r = =

We shall make use of the following lemma

Lemma 5.11. Given N functions fi,..., fn with disjoint supports and f; uni-
formly in L™°°[0,1], then

N
_ N*l/r Z fj
j=1

belongs to L™°°[0, 1] uniformly in N.

PROOF OF LEMMA. Note that

N
{[Fal > a} = [JINTV7If5] > a}.

j=1
Therefore,
N
{IFn>a} = D HNTY|f] > ol
Jj=1
N
< D (Nla)
j=1
< o’
uniformly in N. ([l

We now apply the above lemma to

D DD SR CI B

=0 20 g2+ (a,g)=1 ¢
1<a<q

The L™ norm of the above is

O(nl/r2—s/2) _ O((ZQS) s/2)

= 0 (26’(%—*)) .
Our multiplier has L™°°[0, 1] norm

ZO (2¢) = ot

if A > 1/2. This concludes the proof. O
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CHAPTER 6

Applications (L. B. Pierce)

The last chapter serves as a quick survey of some applications of the theory we
have developed thus far. Details will be sparse.
1. Ergodic Theory

Let (X, 1) be a measure space of total measure 1 and 7' : X — X an invertible
map. We assume furthermore that T is measure-preserving, viz., p(T~*(E)) = u(E)
for each measurable subset E of X. T is said to be ergodic if the measure of each
measurable set E C X with the property T-!(E) is either 0 or 1.

Example. Let X = R/Z and p the canonical rotation-invariant measure on the
circle. Then x — x + 6 is ergodic if and only if 6 is irrational.

The so-called ergodic theorems concern the time average

1N
iy 2T

1
m/xfd“'

Theorem 6.1 (Pointwise ergodic theorem). Let T : X — X be an invertible,
measure-preserving map. Then

and the space average

Here is one such example:

(1) the time average exists almost everywhere and the limit F is a T-invariant
LY(X)-function, viz., F o T = F. Furthermore, if 0 < u(X) < X, then [ F =
mtf.

(2) If T is ergodic, then F equals the space average.

We remark that analogues LP-theorems exist. (2) follows from (1) via the
following

Lemma 6.2. T is ergodic if and only if all T-invariant measurable functions are
constant almost everywhere.

We now consider a discrete averaging operator defined to be
_ P(m) )
(A f) () = 2r+1|§; f (17

for each polynomial P : Z — Z. The pointwise ergodic theorem for A, is given by
Bourgain:
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Theorem 6.3 (Bourgain, 1980’s). If f € LP(X), then there exists a function
F € LP(X) such that A, f — F pointwise almost everywhere and in LP as r — oo.
Furthermore, if T is ergodic, then

1
qu(X)/fd“'

The above theorem is a consequence of the following discrete maximal inequal-
ity:
Theorem 6.4. The discrete operator
1
Mf(n) =su n—m
fm) =sup 5= 3 [f(n—m)|

|m|<r

is [P — [P bounded for all 1 < p < 0.

The proof of the above result is analogous to the proofs we have studied thus
far—for example, the circle method gets used here. Indeed, the operator obtained
by dropping the supremum and fixing an r > 0 has the Fourier multiplier

1 —27iP(m)0
o + 1 D e ‘

|m|<r

We also remark that similar results exist for operators
1
P (m) )
f@) = g |§<j f (TP mg),

where P,, = T™P. Also relevant are the operators

o gy 3 3 (7).

Im|<r

which are not translation-invariant.

2. Partial Differential Equations
Consider the non-linear Schrodinger operator
A+ i0pu + uluP2 =0

in a periodic setting, where u(z,t) : R x R — C is periodic of period one in = and
with initial condition u(z,0) = ¢(z). While the basic inequality to consider for the
non-periodic case is the Strichartz inequality

/ (&)@ E+tIER) ge

the periodic case calls for the estimate

< cf|@ll 2 rays
L2(d+2)/d(Rd+1)

HeitA¢||L2(d+2)/d(Rd+1) =

1/2
. 2
Z ane27m(n-w+t\n| ) < CH(an)q]y:fNHZZ =C Z ‘an‘2 ,
[n]<N [n|<N
nez? L2(d+2)/d(Td+1)

where a,, is the nth Fourier coefficient of ¢. This calls for an analysis in the discrete
setting.



4. NUMBER THEORY 53

3. Convergernce of Fourier Series

We now turn to the oldest application of discrete analogues of harmonic anal-
ysis. Consider the partial sum

N
(Snf)(©0) =D f(n)e™"?,

n=0

where f is 1-periodic and

foy = [ @) ao

for each 0 < n < N. The classical question concerns the hypotheses that guarantee
the convergence Sy — f. Let us consider a variant of this question by looking at
periodic functions f such that f (n) = 0 for all n except for the terms in a sequence
(nk)521. Then the Fourier series of f is

oo
Z f(nk)e%rinke.
k=0

We can now ask the similar convergence question: which hypotheses on the
sequence (ng)52, guarantee uniform convergence of Syf — f for all such f?
Arkhipov and Oskolkov observed that the key bound is

ezﬂink+N0

D, =4

1<k<M
which is uniform in M, N, and 6 € [0,1]. This bound can be obtained by studying
the Fourier multiplier of the discrete Hilbert transform

n—S(k
)3 f( k())

—oo< k<00
k#0

4. Number Theory

Consider the operator

1
A.f)(xz) = sup —/ flx —y)|dy.
( )< ) 0<A<o0 S()‘) ly|=X | ( |
Theorem 6.5 (Stein, Stein-Wainger, Bourgain). A, is LP(R) — LP(R) bounded if
and only if k > 2 and p > %

The proof of the above theorem spans three papers. We note that an LP-
function will remain in LP if its values are changed on a set of measure zero: in
particular, |y| = X is of measure zero. The proof relies heavily on the notion of
Fourier transform on surface with curvature.

The discrete analogue is

1
(A1) = sup s g; |f(n—m)],
mezF

where N(r

) = #{m € Z*¥ : |m|? = r?} and the supremum is taken over all  such
that N(r) # 0.
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Theorem 6.6 (Magyar-Stein-Wainger, 2002). A, is IP(ZF) — IP(Z*) bounded if
and only if

(i) k=5 and p > X5 or

(ii) k <4 and p = co.

Let us study (2) more carefully. Writing rp2(r?) = N(r), we see that k > 5
yields
rra(n) ~ cp(n)n®271 4 o(n®/271),

where ci(n) > 6 > 0. For k = 4 and lower, we recall that every positive integer can

be written as the sum of four squares. Since this decomposition is not necessarily
unique, the ¢; in the above expression can sometimes be zero. Now,

r4’2(n) =38 Z d

d|n
4tn

and r42(2%) = 8(1 4 2) = 24 for all ¢, and so setting f(0) =1 and f(n) =1 for all
n # 0 yields

1 1 1
A, > e - > sup —— > —
f(n)_SItlp N2 |22t|f(n m)| _Sl;flp N Z 2
m|=
for |n| = 2!, where N(2%) = r42((2%)?). This is a counterexample.
Why were we able to come up with such a counterexample? We observe that
Vol(B P
oMBr) = oaTnf
dVol  nm"/?
dR  T(n/2+1)

Normalizing with R = N*/2_ we have

SA(Br) = R 1

Vol(B _ T e

o ( R) - F(n/Q _|_ 1) )

n/2
nm
SA(B = — _N®D/2
(Br) I(n/2+1)
We now observe that the discrete analogues are
#{meZ" :Im| <N} = Vol(Bpyi2)+ error ;

meZ':|m|l=N en(NYN=2/2 4 error ;
#{ m| } (N) ;

which have different powers. Gauss studied this problem—Gauss’s circle problem—
and showed that the number of lattice points inside the circle is 7r? 4+ O(r). Hardy
and Landau gave the lower bound of 7'/2%¢ for the error term; the recent results
bring down the error term to O(r%37).
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