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CHAPTER 1

Basic Theory of Lie Algebras

1. Definitions and Examples

There are two approaches to developing the theory of Lie algebras: the infini-
tesimal Lie groups approach, and the algebraic approach. In this course, we shall
follow the latter.

Definition. A Lie algebra is a vector space V over a field k& with a bilinear form
[,]: V xV =V, called a commutator or a Lie bracket, satisfying

(i) Antisymmetry. [z,y] = —[y,z] for all z,y € V.
(ii) Jacobi identity. [z, [y, z]] + [y, [z, z]] + [z, [z,y]] = 0 for all z,y,z € V.

A Lie algebra is often denoted by the pair L = (V,[,-]). Another symbol
commonly reserved for a generic Lie algebra is g. Reflecting the symmetry apparent
in the definition, we sometimes write the Jacobi identity as [z, [y, z]];. We also
remark that if char k # 2, then antisymmetry is equivalent to the statement that
[z,2] =0 for all X € V.

Let us now consider some simple examples. The first example is rather trivial.
If L is any vector space, and the commutator is identically zero, then L is a Lie
algebra, called an abelian Lie algebra. Another example is the exterior product in
R3, which is a skew-symmetric form, i.e., a x b = —b x a for all a,b € R3, such that

ixj=k, jxk=1, kxi=j.

In fact, if we have a = a17 + asj + ask and b = byi + boj + bsk, then the exterior
product is the determinant

T 7k
axb=l|a1 as as|.
by by b3

Exercise 1.1. Prove that R? with the exterior product is a Lie algebra.
Here is another example of a Lie algebra.

Exercise 1.2. Prove that an associative algebra A with the commutator [a,b] =
ab — ba is a Lie algebra.

If A = Mat, (k), then the corresponding Lie algebra is called the general linear
Lie algebra and is denoted by gl (k).

As a final remark, we note that the operation (M, N) — M N + NM on unitary
matrices gives rise to a Jordan algebra. We will not study Jordan algebra in this
course.
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2. Derivations

Let A be an associated algebra over k. Recall that a k-linear map D: A — A
is a derivation if the Leibniz identity holds, viz.,
D(ab) + (Da)b + a(Db)
for all a,b € A.
Exercise 1.3. If D; and Dy are derivations, then [Dy, D3] = D1Dy — D2D; is a
derivation.
Exercise 1.4. The collection Der A of all derivations of A with the commutator
[D1, D3] = D1Dy — Do Dy is a Lie algebra.
Here is a special case of the above proposition. Let A = C[z] and D a derivation.
What is D(1)? Since
D(1-1)=D(1)-1+1-D(1),
we have
D(1) = 2D(1) = 0.
It thus follows that D(A) = 0 for any scalar A. Note that this calculation holds for
any associative algebra.
How about D(z™)? Here we have
D(z") = D(z-2""') = D(2)z" ' + 2D(z"1).
As a simple corollary, we have
D(z")=n-D(z) 2" 1,

which follows from the above calculation by simple induction.
If D(z) = P(z) for some polynomial P(z), then D can be written as

D=P(z) —.
() 5~
Given two derivations D = P1% and Dy = Pg%, we have the commutator
1o}
[D1, D3] = D1Dy — Dy Dy = (P Py — P{PQ)%

This defines a Lie algebra on Der C[z], which we denote by Wj. W is the algebra
of vector fields on C.

Exercise 1.5. Define W,, analogously.

3. Ideals, Subalgebras, and Homomorphisms

Definition. Let (L,[,-]) be a Lie algebra. A vector subspace M of L is a Lie
subalgebra if [z,y] € M for any X,y € M. A vector subspace I of L is a Lie ideal
if [x,y] € I for any x € I and y € I. We say that L is simple if L has no proper
Lie ideals.

If L = gl,(k), then the collection sl, (k) of matrices with zero trace is a Lie
subalgebra, called the special linear Lie algebra. Furthermore,

A 0
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is a Lie ideal.

Definition. The direct sum of the Lie algebras (L1, [, ]1),- -, (Ln, [, "]n) is defined
to be the vector space
L=L,®---®L,
with the commutator
0 ifeeL;,yeLji#j,
[z,y] = :
[xvy}z if mayngW

We note that any L; < L is an ideal in this case.

Definition. Let I be a Lie ideal in a Lie algebra L. Given the projection map
7w : L — L/I, we define the bracket in L/I as

m([z,y]) = [7(x), 7 (y)].

This turns L/I into a Lie algebra. called a quotient Lie algebra.

Definition. A linear map ¢ : L1 — Ly of Lie algebras (L1, [, 1) and (La, [, ]2) is
a homomorphism if

e(lz,yl1) = (), e(y)]2
for all z,y € L.

We remark that, if L1 2> L is a homomorphism, then ker ¢ is an ideal in L,
and im ¢ a subalgebra of L.

Definition. A homomorphism ¢ : Ly — Lg of Lie algebras is an isomorphism if
there exists a homomorphism ¢ : Ly — Ly such that ¢y = ids and ¢ = id;.

Exercise 1.6. If ¢ : L; — Lo is a homomorphism, then

Li/ker ¢ 2 ime.
4. Classifying complex Lie algebras of small dimensions

We now turn to the problem of classifying Lie algebras of small dimensions over
C. Clearly, dim L = 0 is trivial. If dim L = 1, then L = Ce for some nonzero vector
e. Since [e, e] = 0, we see that L is abelian.

4.1. Two-dimensional complex Lie algebras. Let dim L = 2. We define
the commutator of the Lie algebra L to be the span of all commutators [z,y]. We
claim that [L, L] is either zero- or one-dimensional in this case. To see this, we take
a basis {f1, fa} in L and observe that

(1 f1 + aafa, Bifi + Bafo] = (a1f2 — a2fB1)[f1, fal-

Therefore, the commutator is one-dimensional if [f1, fa] # 0 and zero-dimensional
otherwise.

If dim[L, L] = 0, then L is abelian. We may thus assume that dim[L, L] = 1.
We take e; as a basis vector in [L, L] and pick é; € L \ [L, L]. Then

[61, ég] = )\61
for some nonzero scalar A, as (1) the commutator belongs to the one-dimensional
space [L, L], and (2) L is nonabelian. We take
€2

)\ 7

€y =
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so that [e1,es] = e1. It follows that L is isomorphic to the Lie algebra with basis
{e1, ea} such that [e1, ea] = €3.

4.2. Three-dimensional complex Lie algebras. We now let dim L = 3.
The most important example is sly(C), which is generated by

=0} =) - h)
with the commutator defined by
e, f]=h, [h,e] =2e, [h,[f]=-2f.
Exercise 1.7. Check that the above construction defines a Lie algebra.

Another important example is the Heisenberg algebra H, generated by

01 0
x = [0 0 O
0 0 O
0 0 O
y = (0 0 1
0 0 O
0 0 1
z = |0 0 0],
0 0 O

with the commutator defined by
[z, y] =2, ,[x,2]=0, ,[y,2]=0.
Exercise 1.8. Check that the above construction defines a Lie algebra.

We now return to the problem of classifying Lie algebras of dimension 3. If
dim[L, L] = 0, then L is abelian. We assume for now that dim[L, L] = 1. Let e; be
a basis element in [L, L]. We consider two cases.

If eq is in the center

Z(L)y={x € L:[z,yl=0forall y € L},
then we take es, e3 € L\[L, L] such that {e1, e2, e3} is a basis of L. Then [e1, e3] =0
and [e1, e3] = 0. How about [ez, e3]?7 We know that [es, e3] is an element of [L, L],
so we can write [eg, e3] = Aep. Since L is nonabelian, we have A # 0, whence
€2
A )

Z=€, T= Yy =e€3

generates the Heisenberg algebra.

Suppose now that e; is not in Z(L). Then we can find é; € L such that
[e1, E2] = Aey for some A # 0. We set ex = §, so that [eq, ez] = e;. We choose €3
such that {e;, eq, €3} is linearly independent and observe that

[e1,€3] = per  and  [eq, €3] = vey
for some scalars p and v. Setting,
e3 = €3 — ey — veg,
we see that {e1,eq,e3} is a basis of L such that

le1, e3] = [e2,e3] = 0.
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It thus follows that
L=L"® Ces,
where L! is a linear span of {e1, ez} such that [eq,es] = e1.
We now consider L with dim[L, L] = 2. We claim that [L, L] is abelian. Sup-
pose for a contradiction that [L, L] is not abelian, and choose a basis {ej, ez} of

[L, L]. Since [L, L] is a two-dimensional complex Lie algebra, we can assume by the
previous classification result that [e1, es] = e;. Pick es ¢ [L, L] and observe that

[e3; e1] = [es, [e1, ea]] = [ex, [ea; es]] — [e2, [es, eal];
where the last identity follows from the Jacobi identity. Since both [eq, [e2, €3]] and
[e2, [e3, e1]] belong to [L, L], they are scalar multiples of e, and so
[es,e1] = pey.
Another application of the Jacobi identity yields

0 e1, ez, es]] + [e, [e3, e1]] + [es, [e1, e2]]
[e2, €3]] + [e2, per] + [es, e1]

e1,[es, es]] — per + pey
[e2, €3]]

€1,|€2,€3

- €1,

Since [eq, €3] € [L, L], we see that [es, e3] is a scalar multiple of e;, whence [L, L] is
one-dimensional. Of course, this is absurd, and we conclude that [L, L] is abelian.
We now fix e3 ¢ [L, L]. Recall that, for each « € L,

adz(y) = [z,9]

is a linear endomorphism on [L, L]. Since L is not abelian, the operator ades is
nonzero, whence ad ez has two eigenvalues, not necessarily distinct.

If ad e3 has two distinct eigenvalues A1 and A2, then we can find a basis {e1,ea}
in [L, L] such that

les,e1] = Ater and  [es, ea] = Agey;

in fact, we may choose A\; = 1 and Ay = A\ # 1. This gives rise to an infinite family
of Lie algebras.

If ad e3 has only one distinct eigenvalue, then we can take the Jordan canonical
basis {e1,e2} such that

ler,e2] = 0
le1,e3] = e
[e2,e3] + €1+ ea.
Finally, we consider the case dim[L, L] = 3. In this case, we have [L,L] = L.
We claim that L is isomorphic to sl3(C). To see this, we let {e1,ea,e3} be a basis

in L. Then {[e;,e;] : ¢ < j} is a linearly independent set, and so [z,y] # 0 for any
linearly independent = and y in L.

Lemma 1.9. For all § € L, the operator ad 6 has a nonzero eigenvalue that is not
nilpotent.
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PROOF OF LEMMA. Pick a nonzero element x of L. Then ad x has rank 2. If
ad z is nilpotent, there exists Jordan basis x,y, z such that

[l‘, Z] = Y
[z,y] =
[z,2] = 0.
Take # = y. Then x is an eigenvector of ad # with eigenvalue —1. (Il

Corollary 1.10. FEigenvalues of 8 are 0, 1, and —1.

PROOF OF COROLLARY. Since 6 € [L, L], the trace of PQ — QP is zero. There-
fore, the trace of 6 is
0=0+(-1)+1,
as desired. (]

It thus follows that

0,2] = —u;
[0,2] = =
[x,2] = 6.

Exercise 1.11. Fininsh the above proof by explicitly finding the generators e, f,
and h for sly(C).

5. The general linear Lie algebra

Before we move on, let us consider a few more examples. Given a field & of
characteristic zero, we define gl,,(k), the Lie algebra of n-by-n matrices over k with
the Lie bracket [A, B] = AB — BA. Tt is a well-known fact that

gl (k) =sl,(k)® k-1,
where sl,, (k) is the Lie subalgebra of gl,, (k) consisting of matrices of trace zero.
Exercise 1.12. Prove that sl,,(k) and k- 1 are Lie ideals.

Similarly, we define the Lie subalgebra b, (n) of gl,,(k), consisting of upper tri-
angular matrices: the definition of b_(n) is clear. We also define the Lie subalgebra
ny(n) of gl,,(k), consisting of upper triangular matrices with zero diagonal entries;
again, the definition of the analogus subalgebra n_(n) should be clear. h(n) is the
Lie algebra of diagonal matrices: this is an abelian subalgebra discovered by E.

Cartan. The orthogonal Lie algebra o, consists of all n-by-n matrices such that
AT = —A.

Exercise 1.13. Check that the Lie subalgebras of gl,,(k) defined above are, in fact,
Lie subalgebras.

With this new array of examples in mind, we can recognize the complex Lie
algebras of dimension 3.

Exercise 1.14. The complex Lie algebras of dimension 3 are sly(k), ny(3) (which
is the Heisenberg algebra), and b, (2).

Exercise 1.15. Show that b (2) is isomorphic to a direct sum of a two-dimensional
nonabelian complex Lie algebra and a one-dimensional complex Lie algebra.



CHAPTER 2

Representations of Lie Algebras

1. Definitions and examples

Definition. Let V be a vector space over k, and gl(V') a Lie algebra of linear maps
of V. A representation of a Lie algebra L on V is a Lie algebra homomorphism
p:L—gl(V).

Here V is considered to be a module over L. For each z € L, the map p(z) :
V' — V is a linear endomorphism on V. Given any x,y € L, we have

p([z,y))v = p(x)(p(y)v) — p(y)(p(z)v)
for each v € V.

Let us consider the basic examples. Of course, there is always the trivial rep-
resentation, defined to be p(z)v = 0 for all v € V. For each Lie algebra L, we can
also define the adjoint representation as follows: we set V = L, p =id, and

p(x)v = [z,v] = adz(v)
for each x € L and v € V. If L is a general linear Lie algebra gl, (k) or any of
its subalgebra, then we can define the tautological representation of L by setting
V =k™ and
plxyv=x-v
foreachx € Land v € V.
Definition. Given a representation p of a Lie algebra L, we define the kernel
kerp={x € L: p(x) =}. We say that p is faithful if ker p = {0}.
We remark that the tautological representation of gl,, is faithful.

Exercise 2.1. Study the adjoint representation for the general linear Lie algebra
and its Lie subalgebras.

Exercise 2.2. The adjoint representation of L is faithful if and only if Z(K) = {0}.

Definition. The linear subspace V' of V is a subrepresentation if V' is a p(x)-
invariant subspace for each x € L.

If L = gl,, with the adjoint representation, then V' = sl,, is an example of a
subrepresentation.

Definition. A representation p : L — gl(V') is irreducible if any p-invariant sub-
space of V is either V or {0}.

For the sake of example, we consider L = gl,, with the tautological representa-
tion p. We define the direct sum

(Vi,p1) © (Va, p2) = (V, p)

7
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by setting
V = Vel
p(@)(v1 Bv2) = pi(x)vy @ pa(z)vs.

Definition. p: L — gl(L) is completely reducible if, for all V' C V| there exists a
subspace V" C V such that
Veviev”

Proposition 2.3. Any completely reducible finite-dimensional representation is
isomorphic to a direct sum of irreducible representations.

ProOF. Induction on dim V. O

Exercise 2.4. Let p be the adjoint representation of the Lie algebra L. Then the
following holds:

(1) The subrepresentations of p are the Lie ideals in L.

(2) L is simple if and only if p is irreducible.

(3) p is faithful if and only if Z(L) = {0}.

Proposition 2.5. gl (k) =k -1®sl,(k).

PROOF. It is enough to show that sl,, (k) is irreducible representation of gl,, (k).
ad gl,, (k) acts on sl,,(k), for sl, (k) is an ideal in gl (k).

We shall only prove the proposition for n = 2. The case for n > 2 is left as
an exercise. We let {e, h, f} be the standard basis in gl,. Let W be nonzero a
gly-invariant subspace in sls.

We claim that W = sl,. To see this, we pick a nonzero x = ae + bh + cf in
W. Then [e,x] = —2be +ch € W and [e,[e,z]] = —2ce € W. If ¢ # 0, then e € W
and h € W. If c=0and b # 0, then e € W. If ¢ = 0 and b = 0, then a # 0,
and so e € W. Similarly, f € W, and so [e, f] = h € W as well. Tt follows that
W = 5[2. |

Exercise 2.6. Complete the above proof for n > 2.
Exercise 2.7. The tautological representation of gl (k) is irreducible.

Proposition 2.8. The tautological representation of ny (k) is reducible but inde-
composable.

PROOF. Since

o O =
|

ny = O,

we see that

o

is an invariant subspace.
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Consider the case n = 2. We have
0 ¢ T
0 O X9 ’

and so ny(2)x € k - <(1)) It shows that we cannot find an invariant subspace W
=k (L) ew
= 0 :

2. Invariant Bilinear Forms

such that

Definition. Let L be a Lie algebra and p : L — gl(V) a representation of L. A
bilinear form ¢ : V x V — k is L-invariant if

¢(p(v1),v2) + d(v1, p(v2)) = 0.
Let us consider a few examples.

Exercise 2.9. If L =50, V =k", and
o(v,w) = 3 v,
i=1

then ¢ is L-invariant.
Take the adjoint representation of gl,, and define
#(A, B) = tr(AB).
Then ¢ is gl,-invariant. In fact,
o([z, A], B) + ¢(A, [z, B]) = tr([z, A|B + Alz, B]) = tr([z, AB]) = 0.

Exercise 2.10. If V = Mat,(k) and ¢(A4,B) = tr A(B'), then ¢ is not sl,-
invariant, but SO,-invariant.

We now consider an important example known as the Killing form, or the
Cartan-Killing form. The following is a mandatory exercise:

Exercise 2.11. Take the adjoint representation of a Lie algebra L and define
K(z,y) =tr(adx - ady).
Then K is L-invariant.
The first application of invariant forms is as follows:

Proposition 2.12. Let (V,p) be a representation and ¢ : V XV — k an invariant
bilinear form. If W is a subrepresentation, then

Wt ={veV:¢(w,v)=0 for allw e W}.
is also a subrepresentation.
PROOF. Let v € W. We wish to check that p(x)v € W for all x € L. Then
P(p(x)v,w) = =¢(v, p(x)w) =0,
and so p(z)v € W. O
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Corollary 2.13. ker ¢ = V= is a subrepresentation, and so the kernel ker K of the
Killing form K is an ideal in L =V

Corollary 2.14. Let kK = R. Assume that ¢ is invariant and positively defined,
i.e., p(v,v) > 0. If W is not a trivial subrepresentation, then

V=WaoWw:

3. Homomorphisms of Representations

Definition. Given a pair (V1, p1) and (Va, p2) of representations of L, we say that
a linear map ¢ : V; — V5 is a homomorphism of representations, or an intertwining
operator if

Vi —>V,

Pl(ﬂﬂ)l lﬂz(w)

VlT)VQ

is commutative for all x € L. The linear space of all homomorphisms (V7, p1) to
(Va, p2) is denoted by Homp, (V1, Va).

Theorem 2.15 (Schur’s lemma). If ¢ : Vi — Vi a homomorphism of irreducible
representations, then ¢ is either trivial or an isomorphism.

PROOF. ker ¢ is a subrepresentation of Vj. Since V; is irreducible, ker ¢ is
either 0 or V4. The former implies that ¢ = 0. The latter shows that ¢ is injective.
In this case, im ¢ is nontrivial, whence by the irreducibility of V5 we have im ¢ = V5.
It follows that ¢ is an isomorphism. (]

Corollary 2.16. Any endomorphism of a finite-dimensional irreducible complex
representation (V, p) is a multiplication-by-a-scalar map.

PRrROOF. Any endomorphism ¢ : (V,p) — (V,p) has an eigenvalue A\. Then
@ — A-id is a homomorphism with a nontrivial kernel, whence by Schur’s lemma
= A-id. |

Exercise 2.17. Let (V,p) be a representation and V' a subrepresentation. Then
there exists a subrepresentation V" C V such that
V — V/ @ V//

if and only if there exists a homomorphism p : V' — V| called a projection, such
that imp =V’ and p?2 =p

4. Tensor Products and Duality

Definition. Let (V1, p1) and (Va, p2) be representations of the Lie algebra L. The
tensor product of (Vi,p1) and (Va, pa) is a representation (V) p) such that V =
V1 ® Vo and that the Liebniz rule

p(x)(v1 ® v2) = pr(x)v1 ® V2 + V1 @ p2()va.
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Exercise 2.18. The tensor product is well-defined, viz.,

p(x)p(y) — p(y)p(z) = p([z,y]).

Note that we can also define
n

®(‘/1ap2)7

i=1
and show that the space S™V of symmetric tensors and the space A"V of antisym-
metric tensors are V®"-invariant subspaces.

Definition. Let (V,p) be a representation of a Lie algebra L. The dual repre-
sentation, or the contragredient, (V*, p*) of (V,p) is a map p* : L — gl(V*) such
that

[0 () f](v) = = F(p(2)v)
forallz € L, f € V*, and p*.
Exercise 2.19. Check that p* is a representation.
Let V and W be vector spaces. Then
Hom(V, W) X V* @ W.
Let f € V*. Then
(f @ w)()f(v)w.
Bilinear forms VxV — k2 Hom(V@V, k) 2 V*@V*@k 2 V*@V* If dimV
is finite, then (V@ V)* =V*Q V*.

Proposition 2.20. Let V be a tautological representations of gl, (k). Then adjoint
representations of gl,, (k) is isomorphic to V* @ V' (tensor product as representa-
tions). O

Definition. Let L be a Lie algebra, and p a representation of L. We define the
space
VE={veV:p(x)w=0foralzecL}

of invariants.

Proposition 2.21. Homp(V,W) = (V* @ W)L, O

Proposition 2.22. The space of invariant bilinear forms on V' is isomorphic to

(V*@ VL. O
5. Represenations of sl

Let V = k? be tautological representation of sly(k), where k is either R or C.
We describe S™V. The basis is given by

k n—k
1R e1®e® - ®eg =erey .

(there are k e; and n — k e3)
Claim. S™V 2 k,[u,v], where the isomorphism is given by

e’fegfk s uFon k.
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sls has canonical generators

S (S ]

They act on S™V. How do they act on ky[u, v]?
Here is the answer, left as an exercise:

Exercise 2.23. The action of sla(k) on S™V is given by the map p : sla(k) —
9((kn[u, v]), which is defined by

— —v=.
u ov
Proposition 2.24. p is a representation of sla(k) on kylu, v]. O

We have to check

ple)p(f) —p(flple) = p(h)
p(h)p(e) = p(e)p(h) = 2p(e)
p(h)p(f) = p(f)p(h) = —2p(f).

o)

Similarly, we let 3%. Multiplication by u acts on k[u]. What is [5-,u] = 1.
Theorem 2.25. The representation S™V is irreducible.
PROOF. We show that S"V 2 k,, [u, v].
Claim. Any nontrivial invariant subspace in k,[u, v] contains u™.
In fact, we let
w = apu” + a1u o+ -+ ao™ € WL
Let a4, be nonzero scalar with maximum k. Then
w = apu ok 4 IRl g
We apply p(e)*w = apklu™. So, u™ € W.
Claim. k,[u,v] is generated by u™.

In fact,

p(ffu™ = p(f)fu®

= nn—1)(n—k+1)o*u"F
and so v*u""* € W. So W = ky,[u, v]. It proves that S™V is irreducible. O
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Note that
pleyu™ = 0
p(h)u™ = n-u"™.

Also, S™V is the “highest weight” module, where the highest weight equals n. Here,
the highest meansa the maximum of all eigenvalues of p(h).
Any irreducible representation of sly(C) of dimension n is isomorphic to S™V.



CHAPTER 3

Structure Theory of Lie Algebras

1. Universal enveloping algebras

Recall that any associative algebra A has a Lie algebra structure [a, b] = ab—ba.
Let L be a Lie algebra, and A an associative algebra. A Lie homorphism ¢ : L — A
means that we have

U([z,y]) = P(@)(y) — () ()
for all =,y € L.

Definition. Let L be a Lie algebra over k. A universal enveloping algebra of L is
a pair (U(L),e), where U(L) is an associative algebra with 1, ¢ : L — U(L) is a
Lie homomorphism, and, for any associative algebra A and a Lie homomorphism
¢ : L — A, there exists a unique homomorphism ¢ : U(L) — A as associative
algebras such that ¢ = g oe. That is, the following diagram commutes:

L—=>U(L)

Nk

A

For any representation p : L — gl(V'), V is a U(L)-module. Why is this true?
From the map p : L — gl(V), we get ¢ : L — End(V). End(V) is an associative
algebra, and so we obtain ¢ : U(L) — End(V). This makes V' a U(L)-module.

Proposition 3.1. U(L) is unique up to an isomorphism.

PrOOF. Let U;(L) and Uz(L) be universal enveloping algebras of L, and ¢; :
L — U;(L) the corresponding maps. The proposition now follows from the universal
property. ([l

Theorem 3.2. (U(K),¢) ewists for any Lie algebra L.

Proor. We define U(L) by generators and relations. First, we construct the
tensor algebra (free algebra)

TL)=k®LOLRILOLRILOL®---
Here we treat L as a vector space. we set
(w1 @ @wg) (W@ Qw)) =w @ @uw, @W| Q@ @w,.

Let J C T(L) be two-sided algebra generated by x @ y — y ® x, x,y € L. Set
U(L)=T(L)/J and L — T(L) — U(L).

We now prove the universality. Let A be an associative algebra with 1, and
¢ : L — A aLie homomorphism. Let z1,xs,... be a linear basis in L. We construct

14



1. UNIVERSAL ENVELOPING ALGEBRAS 15

m(x;) = p(z;) such that

Note that T'(L) is generated by x;. ¥(1) = 1. Therefore, ¢ defines a homomorphism
of associative algebras T'(L) — A. Note that

Y @ x; —xj @ x; — x4, 25]) = 0.
It follows that ¥ (J) = 0, and so
L—T(L) —= U(L)

%

Example. If L is an abelian Lie algebra with a basis x1, ..., z,, then
UL =T(L)/ <zi@z;—z; @x; >=S(L)
is a commutative algebra with variables x1,...,z,.

Let L be a Lie algebra with a basis z1,...,x, and the bracket defined by

[xi, %] E cka,

where ¢k ; 1s the structural constant. We recall that the universal enveloping algebra

U(L) of L is generated by z1,...,z, and the relation

n
o k
Tj — LT Cij Tk,
k=1

where z; = e(x;). We say that U(L) is a quadratic-linear algebraﬂ
We now define the coproduct. We let A be a vector space over k. The coproduct
isA: A— A® A such that

A*>A®A A01d(A®A

A—73 AR A s A ®(A®A)
commutes. This property is called coassociativity. Note that we have
AT @ AT AL 4r
so that A* is an associative algebra.

Definition. A is bialgebra, or bigebra, if A is an associative algebra and A is an
algebra homomorphism.

1The theory of such algebras can be found in Poleschuk and Positselski, Quadratic Algebras.
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Example. For U(L), we have A : U(L) — U(L) @ U(L) defined by
Ale(z)) =c(z) @1+ 1®e(x)
for each x € L. We extend this to an algebra homomorphism.
Proposition 3.3. A is a coproduct.
SKETCH OF PROOF. It is enough to check

Azi)Alry) — Alz;)Alei) = Al[zs, 7,5])
(why?). Here z = &(z), 1, ..., 2, basis in L. The left-hand side equals

Tiw; @1+ 2, Qwj +x; @y +1Q 337
(from (z; ® 1+ 1Qz)(z; @1 +1® x;))

—“1®rr; -2, 91; —7; Qi —75%; ® L.
This whole thing equals
= [z, 2] @ 1 =1@ [w;, 751,

which equals the right-hand side. O

Exercise 3.4. A defined above is cocommutative. Hint: Show that A* is commu-
tative.

Exercise 3.5. Consider the group algebra k[G] with A(g) = g ® g, and find the
identity (1) for U(L)* and k[G]*.
2. The Poincaré-Birkhoff-Witt Theorem
We now discuss the Poincaré-Birkhoff-Witt theorem.

Definition. An algebra A over k is graded if

A=A,

n>0
such that A, - A, C Apgm.
Example. A =k[zq,...,2,] , Ag =k,
Ay, =span{zl, ... xlr iy 4 40, =m}
In particular, Ay = span{z1,...,z,}.
Example. Let A = k(x1,...,z,), the free associative algebra generated by x1, ...,

T, or A=T(V), the tensor algebra

(e e)
ven,
®

over V = span{z,...,x,}. (in fact, these two are the same).

Example. Let A = T(V)/I, where I is a two-sided homogeneous ideal, viz., I
is generated by f; € A,, for i = 1,...,k. For example, we can pick an ideal I
generated by {z,zq — zqzp} in T(V)e. In this case, T(V)/I = klz1, ..., zx).

Is U(L) graded? No, the relations are z;z; — x;x; — [2;, z;].
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Definition. An associative algebra B over k is filtered if there exists a sequence of
vector spaces
FoCFHCFC---

UFn:B

n>0

such that

and F,, - F,;, € Fyqm.
Example. A = ®n20 A, a graded algebra. We let

Example. U(L). We set Fy = k, Fy = L, F, generated by z;x; and zj, and, in
general, Fj generated by all monomials of common degree at most k. Note that
Tilj — TjTy4 in U(L) is also in F1 . Fl. We have F1 . Fl Q FQ.

Exercise 3.6. F, - F,,, C F, 1.

To every filtered algebra B with Fy C F} C F» C .- corresponds a graded

algebra
gI‘B = @Fn/anla
n>0

where F_; = {0}. What is the algebra structure in gr B? Let f € F,/F,_1,
g € Fn/Fm—1. What is fg =7 We let f and g be representations of f and g in F),
and F,, respectively. Then fg = hisin F,,,. Take image of h in F, 4/ Frim—1.

Set fg = h. Why does h not depend on the choice of fg? Choose any repre-
sentative f and g.
f = f:+ f07
where fy € Fy,—1, and

g = g + 9o,

where gg € F,—1. Then f§ — fg € Fri4n—1, so h is defined uniquely.

Proposition 3.7. If L is a Lie algebra, then grU(L) is a commutative algebra
generated by L.

PRrROOF. Let x,y € L. Take xy —yx € L C U(L) in Fy/Fy, the image of
xy — yx is zero. so &y = Y&, where & is the projection of z in F»/Fy, and y the
projection of y in Fy/Fy. So &1,...,%, in grU(L) commute. Here zq,...,z, is
a basis in L and grU(L) is commutative. In other words, each element in U(L)
equals ax®' 2% -zl + sum of monomials of lesser degrees, where o € k. That is
to say, given z;,,...,x;,,, we reorder to have i1 <iy < ... <4y, It follows that we

have the homomorphism S(L) — grU(L), where S(L) = k[z1, ..., Zy]. O
Theorem 3.8 (Poincare-Birkhoff-Witt). S(L) = gr U(L), when char k = 0.

Proor. We have S(L) — grU(L), which is surjective. Is it a monomorphism?
In other words, why are monomials linearly independent? We make use of the
following

Lemma 3.9. If PBW is true for L, then it is true for L/I, where I is a Lie ideal.
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Therefore, it is enough to prove the theorem for free Lie algebras. Recall that
if X is a set, then the free Lie algebra Lx over X can be constructed such that
there is an embedding e : X — Ly and, for any map ¢ : X — L, there exists a
unique Lie homomorphism ¢ such that ¢e = ¢, viz.,

©
X——1L
7
=1
Ve e
Lx
commutes. Furthermore, for k(z1,...,z,), we have

X—A

e

()

and we havd?]
L——A
7
7
€ s
e
U(L)
In our case, X = {z1,...,2,}.
If L has basis x1,...,Z,, then Lx maps surjectively onto L, and so U(Lx) =
E(x1,...,Tn). O

Exercise 3.10. If Lx exists, then it is unique up to an isomorphism.

We now construct Lx. Let V = k- X, T(V) = k(X), the free associative
algebra defined by X and Lx linear subspace in T(V) generated by z € X and
operation [a,b] = ab — ba. We get a Lie algebra this way because (T'(V),[,"]) is a
Lie algebra.

Note that Lx is graded: we have the decomposition

Ly = @ L;
i>1
such that [L;,L;] C Liyj; here Ly = Vi, Ly = span;;([z;,7;]), where z =
{1‘17 ce ,xn}.
Lx is spanned by elements
[l‘ik, [$ik71, ey [xiQ,xil], .. ]

Note that this is not a basis. Constructing a basis is a combinatorial problem,
which we will not pursue in this course.

We also remark that T'(V) has a coproduct A : T(V) = T(V) T (V).

n

m=0

Ifm=0,then 1@z, Q@ - @x,. f m=n,then (1 - - Rx,) 1.
Theorem 3.11. Ifchark =0, then Ly ={w € T(V) : AW =1@w+w®1}. O

2For more information, see Rentenauer, Free Lie Algebras.
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We encourage the readers to check this theorem for w =2z®y —y ® z.
Exercise 3.12. ULx =T (V).

We want to prove the PBW theorem: if L is a Lie algebra, then gr U(L) = S(L).
Lemma 3.13. If PBW is true for L, then it is true for L/I for any Lie ideal I.

PROOF OF LEMMA. Let xz1,...,z, basis in L such that z,,,...,x, basis in
I. Then U(L)-I-U(L) € U(L) is the space spanned by z%*.-.zF» where
(K- -, kp) # 0. If PBW holds for L, then {z¥ ... 2%~} is a basis in gr U(L).

Note that grU(L/I) = gr[U(L)/U(L) - IU(L)], and so a basis in grU(L/I) is

given by z* ... 2"~ Then PBW holds for U(L/I). O

Therefore, it is enough to prove PBW for free Lie algebras. We denote the free
Lie algebra over z1,...,x, by F,.

Lemma 3.14. Ife: F, — U(F,) is injective, then PBW is true for F,.

PROOF OF LEMMA. We proceed by induction on degree of x’fl gk (deg =
ki1 +---+k,). If deg = 1, then the elements z1,...,xz, are linearly independent.
We assume that the monomials x’fl -~k are linearly independent for k; -+
-+ k, < M. We suppose also that there is a nontrivial linear combination of
monomials 2% - - - zfn such that ky 4 -+ k, = M + 1.
Since A : U(L) — U(L) ® U(L), the linear combination of
Ay @ @zp) —2)' @ @) @110 (2] @ - @ ).
for ki +-- -+ k,, = M + 1 is zero.
We now consider the sum
ki—1
Z c(ly,. . L)zt -zl @ ah =l gl
li=1

. Iy 1 k1—l1
Since z7' - - - a7 i .

are linearly independent and x o gmn=lnall coefficients ¢ are

zero. Tt follows that there are no nontrivial linear combinations of 25 ---zk». [0
Lemma 3.15. U(F,) = k(z1,...,Zn). O
Lemma 3.16. ¢ : F,, — U(F),) is injective. O

A proof of PBW can be found in Bourbaki, Seminar “Sophus Lie”, and another
can be found in Jacobson, Lie Algebras.

3. Nilpotent Lie Algebras
Let L be a Lie algebra over k, and V and W be subspaces in L. Let
[V, W] = span{[a,b] : a € V,b € W}.
Exercise 3.17. If V and W are Lie ideals, then [V, W] is a Lie ideal.

With a Lie algebra L, we associate a central series by setting L) = L, L) =
[L,L], L¢sy = [L,[L, L]], and so on:

Lay2 Loy 2L 2
Exercise 3.18. [L(l),L(J)] - L(H—j)'
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Exercise 3.19. The following conditions are equivalent:

(i) there exists n such that L, = 0.
(ii) there exists n such that

[yn7 [yn—la sy [y27y1]7 <. ] =0

for all y1,y2,...,yn € L.
(iii) there exists a chain of Lie ideals I3, ..., I, such that

LD>L D2, 2---21,={0},
[L, 1] = Igyq forallk=1,...,n— 1.
Hint: (i) = (i) = (41) = (4).
Example. Abelian Lie algebras.
Example. n(k). n(3) is the Heisenberg algebra H. [H, H] = kes. [H,[H, H]] = 0.

Example. We consider a generalization of ny.. Let V be a vector space. Let a flag
Z of V be the chain

O=VWwWCWVicWhc---CV,=V
of vector spaces, where dim V; = i. Define
WF)={ue€EndV :uV; CV,_1,i=1,...,n}.

The claim is that n(.%) is nilpotent Lie subalgebra in gl(V'). Choose basis e1, €2, ...,
en in V such that {ejy,...,e;} is a basis in V;.

Exercise 3.20. n(.%) is the collection of strictly upper-triangular matrices in the
basis {e1,...,en}.

Exercise 3.21. Set n;(#) = {u: uV; C V;_;}. Then [n(F),n;(F)] C n;j(F) C
n;41(%#). Furthermore, n;(.#) =0 for j >> 0.

Example. Examples of non-nilpotent Lie algebras:

(i) sly: [sl,,s0,] = sl,. We checked for n = 2.
(ii) If L is simple, then [L, L] = L.

Theorem 3.22. Lie algebra L is nilpotent if and only if ad x is nilpotent for any
L

PROOF. Assume, for all x € L, that there exists n, € N such that (ad )™= = 0.
Then there exists n € N such that (adz)™ = 0. O

Theorem 3.23 (Engel). Let p: L — gl(L), p(x) is nilpotent for any x € L. Then
there exists a flag
F:0=VWCWCc..-CV,=V
such that p(L) C n(F).
Each x has a flag .Z,.

Theorem 3.24. There exists a common flag.

Theorem 3.25 (Engel’). Under the assumption of Engel’s theorem, there exists
v eV such that v # 0 but p(x)v =0 for all z € L.
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We show that the above two theorems are equivalent. Engel = Engel’ is clear,
and Engel” = Engel is induction on dim V. For dimV =1, it is trivial. Given V,
taken V = V/kv (where Engel is true). Flag

VichC-
p(L)V; C V;_;. Let Vi1, be a preimage of V; for all . Then .#
0=VCVi=kvCVaCV3C---
satisfies Engel’.
We now prove Engel’s theorem. In doing so, we shall remind ourselves that,

in dealing with Lie algebras, there are three methods of proofs: induction, boring
induction, and very boring induction.

PrOOF OF ENGEL’S THEOREM. We proceed by induction. Assume L C gl(V).
Note that ad  is a nilpotent operator on L (why?). Assume the theorem is true
for nilpotent L', dim L’ < dim L. Define

N({L'Y={z€eL:[z,L'| C L},
the centralizer of L' in L. N(L') is a Lie algebra.
Claim. L] C N(L').

In fact, L’ acts on L’ and on L/L’ (why?) The actions are nilpotent. By
induction, there exists Z € L/L’ such that L'(Z) = 0. Choose a representative of
Z: & =x+ L. Then for any y € L', [y,z] € L, so [z,y] = —[y,z] € L. Then
x € N(L"), x ¢ L'. This proves the claim.

Claim. We also claim that for a nontrivial nilpotent Lie algebra L, there exists an
ideal L' C L such that codim L' = 1.

In fact, let L' be maximum Lie subalgebra in L, L’ # L. Such subalgebras
exist, because [L, L] # L. Then N(L') = L by Claim 1, so L’ is ideal in L.

Take any 1-dimensional subpsace in L/L’; its preimage in L contains L' and is
not equal to L’. Preimage is a Lie algebra, so the preimage is L. So, dim L/L' = 1.
This proves the claim.

Claim. If we let W = {v € V : L'v = 0}, then W is L-invariant.

In fact, let z € L, y € L', w € W y(zw) = z(yw) — [z,y]v. so, [x,ylv = 0.
Therefore, y(xw) = z(yw) = 0 and so zw € W. Therefore, W is L-invariant.

We now finish the proof of the theorem. We let z € L ~ L/, z # 0 by Claim
2. z acts as nilpotent operator on W. Take v € W, v # 0 and zv = 0. We have
2w=0,Lv=0,L=kz® LL. Tt follows that Lv = 0. O

Corollary 3.26. Lie algebra L' is nilpotent iff ad x is nilpotent for all X € L.

PRrROOF. Suppose that L is nilpotent. ad x is nilpotent for all z € L. By Engel’s
theorem, there exists
F(0)C L1 CLyC Ly,
such that [L;, L;] = L;—1 (why?). Look at (1), (2) and (3) in the definition of L. O

Here is a group analog;:

Definition. Let V' be a finite-dimensional vector space over k. An element g €
GL(V) is unipotent if one of the three equivalent relations holds
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(i) g =1+ n, where n is nilpotent and 1 = id.
(ii) There is a basis in V' such that

9= .
0 1
(iii) All eigenvalues of g are equal to 1.

Exercise 3.27. Prove that the above three conditions are equivalent.

Theorem 3.28 (Kolchin). Let G be a subgroup of GL(V') such that each g € G is
unipotent. Then there exists

F:A} =SV V.- CV,=V
such that gV; C V;.

Since this is not a course on group theory, we shall not prove this theorem.

4. Solvable Lie Algebras
We first remark that there are non-nilpotent solvable Lie algebras.
Example. b C gl,.

Given a flag
F: A=V CWViC.---CV, =V,
we defined a Lie algebra
b(#)={ue€EndV :uV; CV;}.
Let L be a Lie algebra. If we set D'L = L, D?L = [L, L], then DF¥L =
[DF=1L, D*=1L], and so
DL = (1L, IL,[L, L]}
Therefore,
L=D'LOD*LOD*LD---.

which is referred to as the derived series.
Definition. A Lie algebra L is solvable if it admits a finite derived series.
Exercise 3.29. Find the derived series for b,,.

Exercise 3.30. L is solvable iff there exist a sequence of ideals L = L1 O Lo D
L3 220 Ln = {O} such that [L“LJ D) Li+1~

Exercise 3.31. Prove the above proposition.

We now state the main theorem of the section; compare the below to Engel’s
theorem:

Theorem 3.32 (Lie). Let L be solvable Lie algebra over an algebraically closed
field of characteristic zero. Then, for any finite-dimensional representation V of L,
there exists

F:-VoCcWvic---V, =V
such that p(L) C b(F).
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Remark. The theorem is not true if chark > 0. If L = sl3(Z5) is nilpotent, the
standard representation does not have eigenvectors.

As with Engel’s theorem, we state a variant:

Theorem 3.33 (Lie’). Under the same assumptions, there ezists a nonzero v € V.
such that p(x)v = x(x)v, where x : L — k is a linear functional.

Exercise 3.34. Prove that Lie < Lie’.
We now proceed to the proof of Lie’s theorem.

PROOF OF LIE’S THEOREM. We shall need the following lemma, whose proof
we postpone:

Lemma 3.35. Let L be a Lie algebra over a field k of characteristic 0, I an ideal
in L, V an L-module, v a nonzero element of V, and x : L — k a linear functional
such that yv = x(y)v for all y inI. Then x([z,y]) =0 for ally € I and x € L.

Let x # 0. Let V; = span{v, xv,z%v,..., 2" v}. Then 2V; C V;41. Let n be
minimal integer such that zV,, = V,,41. Then dimV,, = n.
We shall make use of the following classical result:

Theorem 3.36 (Cayley-Hamilton). Let v be a generic vector in an n-dimensional
vector space V.. If A:V — V is a linear transform, then

Ao+ A" o4+ 410 =0.

We now proceed by induction. i = 0 is okay. Assume for all integers < n

1

yz'v = yrr' v = zyz v — [z.y]2" .

By induction,
yr' o = x(y)2 v 4ot € V.
Note that
[z,y] - 27 v = x([z,y])z" " v + 0",
which is in V;_1.
Now,
zyz' v € x(y)ztv + 2Vi_yq,
which is in V;_;. This proves the claim.
We now prove the lemma. By the claim, all y € EndV,, is represented by a

triangular matrix

x(¥) *
0 x(¥),
with the basis v, @, ..., 2" 'v. Therefore,

Try, (y) = nx(n) = Try,[z,y] =0,
so x[z,y] = 0. This proves the lemma. a
Corollary 3.37. If L is solvable, then

L=LWo>r®>...o0LM™={0}

of Lie ideals, where L) /LUTY) s abelian.
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Proor. V =1L, p=ad. (]
Corollary 3.38. Ifchark =0 and L is solvable, then [L, L] is nilpotent.
Exercise 3.39. Example : b C gl,,, [b,b] = n.

Exercise 3.40. If [L, L] is nilpotent, then L is solvable.

PROOF OF COROLLARY [3.38] If ¥’ D k is an extension, then L' = L ®y k'’ is a
Lie algebra over k’. L is solvable iff L’ is solvable (why?) So we may assume k = k.
By corollary there exists a filtration

L=LW>r®>...2LM™ = {0}
of ideals. Let 2 € [L, L]. Then adz(L®") C LU+Y. So ad x is nilpotent on [L, L.
Use theorem: if, for any = of a Lie algebra, ad x is nilpotent, then the algebra is
nilpotent. O
5. Group Analog
Given a group G, we obtain the derived series
G=GWoGg®>o...0G"M ...,
where G?) = (G,G) = {zyz~'y~' : 2,y € G} and GFHD) = (GW) GW). This is a
normal series, and each G*) /G*+1) is abelian.
Definition. A group G is solvable if G™) = {e} for some n.

Example. B C GL,, where B is the group of upper-triangular matrices.

Theorem 3.41. Let G be a solvable, connected topological group. Let p : G —
GL(V), where V is a finite-dimensional vector space over C. Then there ezists a

flag
F VWV C.--CV, =V

such that p(x)V; CV; for all i. O

Recall that V is irreducible over G if there are no proper invariant subspaces
in V.

Corollary 3.42. IfV is irreducible, then dimV = 1. O
Corollary 3.43. Any compact solvable group is abelian. ([

Theorem 3.44 (E. Cartan). Let V be a vector space over k, chark =0, dimV <
oo. Lie algebra L C gl(V'). Then L is solvable iff Try(xy) = 0 for all x € L and
y € [L,L].

Exercise 3.45. Prove the above theroem. (STARRED! difficult!)



CHAPTER 4

Semisimple Lie Algebras

1. Some Linear Algebra
Let V be a vector space over k, k = k, and chark = 0, and dim V < oo.

Definition. « € EndV is semisimple if V has a basis {e1,...,e,} such that e; is
eigenvector for u,i =1,...,n.

Lemma 4.1. For allu € EndV, there exists a semisimple s € End V' and nilpotent
n € EndV such that u = s +n and sn = ns. Such presentation of u is unique.

PROOF. Let P(t) be the characteristic polynomial of u. We can write
Pty =]t —x)m™.
i
Set V; = ker(u — A\;)™i. Then V =@ V;, dimV; = m;, and uV; C V;.

We now prove the uniqueness. Let u = s 4+ n, sn = ns implies that su = us,
and so the eigenvalues of u and s are the same. But uly,, the only eigenvalue is
Ai. s has the same eigenvalue so s|y; is multiplication by A;. Therefore s is unique,
and so n is unique.

How do we define s? We set s|y, to be multiplication by A;. Then s is semisimple
and su = us. And n = u — s is nilpotent. [

2. Semisimple Lie Algebra
Let us first define the radical of a Lie algebra.

Exercise 4.2. Let L be a Lie algebra and a and b be solvable Lie ideals in L. Then
a+ b is a solvable Lie ideal.

Corollary 4.3. Let dim L < oo.Then L has a mazimal solvable Lie ideal rad L
which contains any solvable ideal.

Definition. rad L is called the radical of L.
Definition. L is semisimple if rad L = 0.

Exercise 4.4. L is semisimple if and only if L does not contain any nontrivial
abelian ideals.

Example. gl (k) is not semisimple.

PrOOF. Assume that L is not semisimple. Then rad L # 0 and the derived

series of rad L contains an abelian ideal. If L contains an abelian ideal I # 0, then
I CradlL. U

Theorem 4.5. Lie algebra L is semisimple iff the Killing form K(z,y) = Tr(ad z -
ady) is nondegenerate.

25
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PROOF. Set n={z € L: K(z,y) =0 for all y}, the kernel of K(x,y).
Exercise 4.6. n is a Lie ideal.

n is solvable (by Cartan’s theorem), and so n is in rad L. If L is semisimple,
then n = {0}.

Assume now that K is nondegenerate. Assume for a contradiction that L is not
semisimple. Let a # {0} be an abelian ideal in L. We set 0 = adx oady € End L.
Fix £ € a and y € L. Note that 0L C a and oa = 0, and so ¢2 = 0. This implies
that Tro = 0, and so o € n, but since n = {0}, we have o = 0. |

We now assume that dim L < co.
Theorem 4.7. Let L be a semisimple Lie algebra, and a be a Lie ideal in L. Define
at ={zeL:K(zx,y) =0 forall y € a}.
Then a* is an ideal, and L = a @ a™*.
Exercise 4.8. Prove the above theorem. Hint: a N AL is solvable.
Definition. L is simple if L # {0} and L does not contain any proper ideals.
Theorem 4.9. Any semisimple Lie algebra is a direct sum of simple Lie algebras.

PROOF. (1) Any simple Lie algebra is semisimple. (2) Use induction and the
previous theorem. O

Exercise 4.10. If L is semisimple, then L = [L, L].

Corollary 4.11. If L =@ L., L, are simple Lie algebras, then any ideal in L is
a direct sum of some L.

Example. s[(V) is simple if dim V' > 2.

Example. Assume dim V = 2n > 2. Given nondegenerate skew-symmetric bilinear
form @ : V x V — k, we define sp(V) to be the Lie algebra of endomorphisms such
that ® is invariant.

Example. Given nondegenerate symmetric bilinear form ¢ : V x V — k, let o(V)
be the Lie algebra of endomorphisms such that 1 is invariant.

Note that si(V'), sp(V) are simple. (V) is semisimple for dim V' = 3. o(V) is
simple if dim V' > 4, and semisimple (depending on v) if dim V' = 4.
Henceforth, we let p: L — gl(V') be a representation.

Definition. V (or p) is irreducible, or simple, if V # {0} and V' does not have any
proper L-submodules.

Definition. V is semisimple, or completely reducible, if V' is isomorphic to a direct
sum of simple modules.

Theorem 4.12 (H. Weyl). If L is semisimple, then any finite-dimensional module
over L is semisimple.

The original proof of the above theorem by Hermann Wely, circa 1925, used
analysis—a method known as the “unitary trick”. We shall, however, present an
algebraic proof, which was discovered in the 1950s.
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We shall need two facts. First, we need “homological algebra”. We say that a
short sequence
0-A5B5C—-0

is exact if m is onto, € is injective, and ker m = im . We say that the sequence splits if
there exists o such that mo = id or there exists ¢ such that e = id. If the sequence
splits, then B = A @ C, where the isomorphism is given by (¢ @ 7)(b) = ¢(b) ®7(b)
or by a®cw e(a) + o(c).

Exercise 4.13. Check that these are isomorphisms and that ¢ exists if and only
if o exists.

We shall also need the construction of central elements of order two in U(L).
Such elements are called Casimir elements, or Casimir operators.

PROOF. Let B(z,y) be a nondegenerate, L-invariantﬂ symmetric bilinear form

on L. Let e = (e1,...,en) f = (f1,--., fn) are biorthogonal bases in L, i.e.,
1 ifi=j

B 1J7 :512
(€6 15) = b {0 if i # j.

We construct

b= znzeifi € U(L).
=1

Proposition 4.14. b is central and b does not depend on & and f.

PROOF OF PROPOSITION. Construct ® : L ® L — Hom(L, L) by setting

d(z@y)(z) = By, 2)x

L ® L and Hom(L, L) are L-modules
Exercise 4.15. ® is an L-isomorphism.
Exercise 4.16. (3 ¢, ® f;) =id.

Then

Homy(L, L) 2= @, L 22N 1rpy,
and the image of id is b. THerefore, b does not depend on € or f. Moreover,
[id,adx] =0

in Homy (L, L) for all € L, and so [z,b] = 0 in U(L). It follows that b is in the
center. g

Exercise 4.17 (Important!). Prove that there is, up to scalar multiplication, a
unique Casimir element for sly(k). Here chark = 0.

Lemma 4.18. Let V' be a finite-dimensional vector space V. If L is semismiple
and p : L — gl(V') is injective, then B,(x,y) = Tr(p(z)p(y)) is nondegenerate.

PROOF OF LEMMA. Let n ={x € L: B,(z,y) =0 forall y € L}. Thennisa
solvable Lie subalgebra (Cartan’s theorem), whence n = {0} for L is semisimple. [

Lemma 4.19. Let b be the Cashmir element defined by B,. Then U(L) acts on V/
and sob:V — V. Then Try b=dim L.

1B is L-invariant if B([z,z],v) + B(x, [z,y]) = 0 for all z € L.
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We know that b is an L-homomorphism because b is central. Also,

Tr(b) = ZTT(P(ei)P(fi)) = ZBP(eivfi) =dim L

Lemma 4.20. IfV is simple, then b is an isomorphism.

PROOF OF LEMMA. By Schur’s lemma, b is an isomorphism or b is trivial. If b
is trivial, then Trb = 0, a contradiction. O

Lemma 4.21. Let 0 - V S5 W 5 k — 0 be an ezact sequence of L-modules
(k-trivial L-module). Then the sequence splits.

PROOF OF LEMMA. It is enough to consider the case when V is simple. In fact,
the sequence splits when dim V' = 1. We induct on dim V. If V is not simple, then
{0} #£U C V, where U is an L-module. Then the sequence

0=-V/U—-W/U—-k—=0

is exact, and W/U 2 V/U @ V' /U, where V' 2 u @ k. This sequence splits, whence
the sequence in question splits as well.

It is enough to prove when p: L — gl(V) is faithful. Assume p is not faithful,
and let a = kerp. Let x € a. Then zW C V, for x acts trivially on k. Also,
xV = {0}, for = € ker p. Therefore, [a, a] acts trivially on W. But L is semisimple,
and so a is semisimple. It follows that a = [a, a]. So the sequence in question splits
over L/a and V is a faithful representation of L/a.

We now proceed to prove the lemma. We may assume that V' is simple, and
that p : L — gl(V) is faithful. By Lemma B,(z,y) is nondegenerate. Let b :
W — W be the corresponding Casimir element. Now, bW C V| for b acts trivially
on k. Furthermore, b(V) = V, for V is simple. Then W 2V @ ker(b : W — W),
where dimker(b: W — W) = 1. It follows that the sequence in question splits. O

We resume the proof of the theorem. It is enough to prove that any exact
sequence of L-modules
0—-F —FEF—>FE,—0

splits. Let
W = {p € Homy(E, E) : ¢|g, acts like scalar multiplication}
V ={p € Hom,(E,E) : ¢|g, =0}
Then we have sequence
0=-VSWSHE—0
By Lemma there exists ¢ € W such that ¢ is L-invariant and ¢|p, = id
W=Veak). O

Exercise 4.22. Let L be Lie algebra, I a semisimple ideal in L. Then there exists
an ideal J C L such that L =1& J.

Corollary 4.23. If L is semisimple, then any derivation of L is adx for some
xzelL.

PrROOF. Let M = DerL. M DO L, for adz is a derivation. Note that L

is an ideal in M, for [D,adz] = —ad Dxz. By Exercise M=L&J, J
ideal, and [L,J] = {0}. We want J = {0}. We let D € J, and observe that
ad(Dz) = —[D,adz] = 0, because D € J. So Dz is in the center of L, but the

center of L is trivial. O
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Corollary 4.24. Let L be a finite-dimensional Lie algebra and I a semisimple Lie
ideal. Then L = I & J for some Lie ideal J of L.

PRrROOF. We first observe that L is an I-module. By Weyl’s theorem, we can
find an I-invariant subspace J such that L = I & J. Then [I,J] C J because J is
I-module, and [I, J] C I because I is an ideal. It follows that

[1,J]C1nJ={0}.

We claim that J = {y € L : [y,I] = 0}. In fact, for each y € J, we can find
x € I and z € J such that y = ¢ 4+ Z. Therefore,

Iyl =[I,z]+[I,2z] =[I,z] + 0= [I,x].

It follows that [y,.J] = {0}, whence [z, J] = {0} as well. Therefore, z is in Z(I),
which is trivial because I is semisimple. We thus see that y = z, which is in J. We
thus conclude that L = I & J as Lie algebras, which is the desired result. a

A consequence of the above corollary is that if L is Lie algebra and I a semisim-
ple ideal, then
0—-I—-L—L/I—0

splits. Here is the dual statement:

Theorem 4.25 (Levy). Let w: Ly — Ly be an epimorphism of Lie algebras and
L1 a semisimple Lie algebra. Then Lo = kernw @ Ly.

PROOF. Let a = ker m. We wish to show that Lo 2 a® L.

Lemma 4.26. If Levy’s theorem is true when a is abelian, simple, and nontrivial
L1-module, then the theorem is true for any a.

PRrROOF OF LEMMA. We assume that a contains a nontrivial ideal a;. Then
Oa/a; — L/ay — Ly — 0

0—a —wa—a/a; =0

If Levy’s theorem is true for these sequences, then Ly = a & Ly (why?). In fact,
0—a— Ly — L1 — 0 splits.

So, we may assume that a is a simple L;-module. Note that 7 (rad Ls) is solvable
in L;. But L is semisimple, and so w(rad Ly) = 0. So rad Lo can either be a or
0. If rad Ly = a, then a is solvable. Take an ideal [a, a] strictly contained in a, so
[a,a] = {0}, so a is abelian.

If Ly acts trivially on a, then a is in the center of L. We may define action of
L, on a as follows: for each « € Ly, we define & : (%) = x. We set the action of x
onaasi€ Ly/ IF 7(2') =z, then & — 2’ € a acts trivially because a is abelian.

We now conclude from Weyl’s theorem that Lo = L; @ a (why?). 0

Let W = End Ly. W is an Lo-module, and the action is given by p(x)f =
adz o f — foadz. We construct La-submodules

P = {adz:ze€a}
Q = {feW:f(L)Ca,f(a)={0}}
R = {feW;f(La) Ca,fla = mult. by scalar}.

Exercise 4.27. P, ), and R are Ls-submodules.
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We then have a short exact sequence
0-Q—R L k—o0.

We note that p(z)R C P. Then the induced sequence

0—>Q/P—>R/P£>k:—>0

is a sequence of Li-modules (Ly = Li/a). Then there exists w € R/P such that
P(w) = 1 and w is Li-invariant (why?) We set I, = {z € Ly : zw = 0}. The
theorem now follows from the following exercise (why?):

Exercise 4.28. [, =2 a® I,

Corollary 4.29. Let L be a finite-dimensional Lie algebra. Then
L=rad L & Ly,
where Lq is semisimple.

ProoF. 0 - radL — L — L/rad L — 0. Since L/rad L is semisimple, we

have
L=radL@ L/rad L

by Levy’s theorem. O
Exercise 4.30. For L = gl (k), find rad L and L.



CHAPTER 5

Representations of Special Linear Lie Algebras

1. Representations of sl (C)
We recall that

0 1 00 1 0
=(00) = (0) =5
with the Lie bracket defined by
[h,e}:2e, [haf]:_2f> [ea.ﬂ:h

generates sly(C).
Let V be an slo-module. We define

Vd={veV:hv= v},
the elements of weight \.
Proposition 5.1. Ifv € V, then ev € VA2 and fv € VA2,
PROOF. Observe first that
h(ev) = e(hv) + [h, e]lv = e(Av) + 2ev = (A + 2)ev.
Similarly,
h(fv) = (A =2)fv,

which proves the proposition. (I

Definition. An element v € V is primitive of weight X if v is a nonzero element of
VA such that ev = 0.

Proposition 5.2. v is primitive if and only if it is by-invariant, where by =
span{h, e}.

PROOF. If v is primitive, then v is bs-invariant. Let Cv be bo-invariant, so that
ev = puv and hv = \v. Then

[h, e]lv = 2ev = 2uv
and
[h,e]v = (he — eh)v = 0,
which proves the proposition. O
Proposition 5.3. Any finite-dimensional sly-module contains a primitive element.
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PrOOF. Using Lie’s theorem, we can furnish a one-dimensional b-invariant
subspace, or say that for any eigenvector v for h the nonzero vectors of

v,ev, v, ...

are linearly independent, for they have different eigenvalues. It now suffices to
observe that the last nonzero vector e¢™v is primitive. ([

Theorem 5.4. Let V be a sla-module (not necessarily finite-dimensional) and v a
primitive element of weight \. Set

Up = —'f"v
n!

for each n > 0, and define v_1 = 0. Then
(i) hv, = (A —2n)v,
(i) fon = (n+ Dvnp

(iii) evn = (A —n+ 1)v,_1.

PRrROOF. (i) follows from Proposition (ii) by construction, and (iii) by in-
duction on n. We first see that evg = 0. Observe that
nev, = efu,_1
le, flon—1 + fevn1
= A=2n4+2vp 1+ A—n+2)(n—1)v,—1
= [(A=n+2)n—nlv,_1
= n(A=—n+1)v,_1,

whence ev, = (A —n+ 1)v,_1. O

Corollary 5.5. Let v, be defined as in[5.4} Then one of the following is true:

(a) vo,v1,v2,... nonzero linearly independent, or
(b) vo,v1,...,Um,0,0,..., wherevo,..., vy, are nonzero. In this case, X\ = m.

PROOF. (a) Suppose vg,v1,v2,... # 0. The weights are different, so they are
linearly independent.

(b) Assume that there are zero elements. Take the minimal m such that v,,+; =
0. Then vy, ..., vy # 0 and evyp1 = (A — m)v, imply A = m. O

Corollary 5.6. Let dimV < oo and v a primitive element. Then
W = span{v = vg, v1,...,0m}
is an irreducible sly-submodule.

PrOOF. (i), (ii), and (iii) show that W is an sly-submodule. The eigenvalues
of hare mym —2,m—4,...,—m.

We claim that W is irreducible. In fact, we let W' be irreducible submodule
of W’ # {0}. Then, W’ is h-invariant, so h has nonzero eigenvector v; € W'. Use
powers of e: v;,v;_1,...,v9 = v. So v € W’ implies W' = W. This proves the
claim. g
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We now fix a notation for n > 0:

W, = span{uvg,...,0m}
hv, = (m—2n)v,

fon, = (n+1wv,

ev, = (m—n+1)v,_1

(We assume that v,,41 = v_1 = 0.) So, W,, is slo-module.

Theorem 5.7. W, is irreducible and any irreducible sly-module of dimension m—+1
is tsomorphic to W, .

PROOF. By corollary Wi, is irreducible. Also, dim W, = m + 1.

Let V' be an irreducible slo-module with dim V' = m+1. We have already proved
that V' contains a primitive element v. Corollaryshows that hv = m'v, m’ € Z>g
and that v generates irreducible submodule W of V such that dim W = m’ + 1.
Since V is irreducible, V.= W and m’ = m. So, V = W,,. ([

Example. W, = C, W; = C? with standard representation, and W,, = S™(C?).
Corollary 5.8. Any finite-dimensional sla-module is a direct sum of Wy,
Proor. This is a direct consequence of Weyl’s theorem. (]

Example. Let M be a compact complex manifold of complex dimension n. Con-
sider

V=@ H (M,C).
i=0
If M is a Kéhler manifold, then V' is an sly(C)-module. In particular, if we

take hx = (n — p)x, then € HP(M,C). This is a simple example of the so-called
Hodge theory, which is based on the action of sly(C).

2. Representations of sl, (C)

Recall that s, (C) is a Lie subalgebra of gl,(C) containing matrices with trace
zero. We have

5L, (C)=n_dhDny,
where § is the diagonal matrices of trace zero. 0 is called a Cartan subalgebra.
b =bH @dny is called a Borel subalgebra.
We now proceed to describe h*, the collection of functionals f : h — C. Indeed,
a typical element of h* is of the form

A 0 N
0 /\n =1

where uq,...,u, € C. This is defined up to adding ¢ € C, for
i=1 i=1
Then
h* =C"/C-(1,...,1)=C" 1.
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Definition. We define positive roots
Ry Cf :{A— X —)\j,i>7}
and negative roots
—(Ry) Cf {A =X — NP> g}
For any positive root, we define simple roots {ay} such that
=0+ 1. F oo =N — A,
where o = A1 — Ak
Now, let o = A\; — A;, and define
eqa =F

the matrix with 1 as the ijth entry and zero everywhere else, and

iJ

fa=¢€_a= ije
We also define
he = Bii — Ejj.
Exercise 5.9. The following holds:
(a) {ea}acr, is abasisinny, and {e_o}acr, is a basisin n_.
(b) h € hand o € R yield [h,eq] = a(h)eq.
(¢) [ease—a] = ha.
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CHAPTER 6

Theory of Weights and Roots

1. Weights and primitive elements
Let V be a finite-dimensional sl,-module. For each x € h*, we set
Vy ={v eV :hv=x(h)vforall h €h}.
Proposition 6.1. If a € R and v € V,, then eqv € Vyqq.
PROOF.

h(eqv) = [hyeq]v + eahv = a(h)eqv + x(h)eqv = (X + a)eqv.

Proposition 6.2. IfV is finite-dimensional, then V = @ V,.

W= V.
xeb*
This is a direct sum (nonzero elements with different eigenvalues are linearly in-
dependent) and V) # {0}. Then W is e,-invariant and h-invariant, whence W is
sl,-invariant and W is a submodule. By Weyl’s theorem, we can write V =W @ V',
If V' # {0}, then we have an abelian Lie algebra. If h acts on V', then there
exists a nonzero v € V'. v is h-eigenvector. Then v € W. This is a contradiction,
and so V =W. |

ProOOF. Note that

Example. Suppose V = sl,,(C) and has the action of ad. We find all nonzero V.
In this case, V' = vg @ cp Vo In particular, Vo = b with dimension n — 1 and
Vo = Ca. We leave it as an exercise to the reader to finish this proof.

We now introduce primitive elements.

Exercise 6.3. Let V be finite-dimensional, and v € V. The following statements
are equivalent.

(1) v is an eigenvector for h and e,v = 0 for some a € RY.
(2) v is an eigenvector for b =h n.

Definition. In the above case, the nonzero v is primitive.

Proposition 6.4. Let V' be a finite-dimensional sl,,(C)-module. Then V has a
primitive element.

PRrROOF. Use Lie’s theorem (cf. sl3(C)). O

Let us now consider irreducible sl, (C)-modules. For convenience, we let L =

50, (C).
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Theorem 6.5. Let V' be an L-module, v a primitive element in V', weight x. Set
Vi =U(L)v, a submodule generated by v. Then

(a) Vi is irreducible.

(b) All weights of Vi are of the form

n—1
X — E m;Q,
1=1

where m; € Z>o and oy simple roots.
(c) If w € V and the weight of w is x, then w = pv for some pu € C.

We do not prove the above theorem. Instead, we consider the following

Theorem 6.6. (a) Any irreducible finite-dimensional L-module V' contains unique
(up to a scalar multiplication) primitive vector v. In this case, the weight of v
1s called the highest weight of V.

(b) Irreducible finite-dimensional modules of the same highest weight are isomor-
phic.

PROOF. (a) A primitive element v exists. Assume weight of v is . Is it unique?
We assume that there is another primitive element v’ whose weight is x’. Then, by
Theorem (b), we have

n—1
/ _ PN
X - X_ mia’u
=1
n—1
/ .
X = X *E m; Qs
i=1

for m, > 0 and m; > 0, for v and v’ are primitive. Adding the two yields
n—1
0= Z(mZ +m})a,
i=1
whence m; +m} = 0 for each 4, and so m; = m; = 0. It follows that y = x’. By
Theorem [6.5| (¢), we have v' = pv for some p € C. This proves (a).

(b) Given irreducible finite-dimensional L-modules V' and V' with primitive
elements v and v’, we assume that both of their highest weights is y. We consider
the L-module V & V' whose primitive element is w = (v,v’). Note that the weight
of w is x.

Welet W C V@ V', the L-module generated by w. We note that W # Ve V',
Since W C V @ V', we can consider the restriction of the projection maps W = V
and W =5 V.

We claim that 7 and 7’ are surjections. Indeed, m(w) = v and 7’'(w) = v'.
Since W is irreducible, m and 7’ are isomorphisms by Schur’s lemma. It follows
that V=V’ whence V=W 2V’ g

We remark that the classification of irreducible finite-dimensional L-modules is
equivalent to the classification of highest weights.

Let x € h*, where b is a Cartan subalgebra in sl,(C). Note that A € fj, where
A =diag(Ai,...,A\p) and Ay +--- + A, =0, and

X(A) = wi A +ugho + - Fup Ay,
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where 1, ..., u, are defined up to +C. We note that u; — u; is defined uniquely.

Theorem 6.7. There exists an irreducible finite-dimensional module with highest
weight x if and only if u; — uj € Zxo fori < j.

Proor. If V is irreducible and  its highest weight, then u; — u; € Zx>( for
1< ].
Exercise 6.8. Let v € V is primitive with highest weight y. Set
1

ve = %(e_a)mv

for m > 0. Then

(a) e_avy, = (m+ vy, 44
(b) hvg, = (x — mq)(h)vs,, where h € b.
() eavpy = (X(ha) —m+1)v5, 4.

Hint: We proved this for sla. The rest of the proof is similar.

Exercise 6.9. If V is finite-dimensional, then there exists m € Z>o such that
vy, # 0, vy 1 = 0. In this case,

X(ha) = m.

Hint: This is a corollary of the previous exercise. Again, look for sly. Now, let
o = oyj, where i < j. Then

u; —uj = x(ha;j) =m >0,
which proves the first part.

We now assume that u; —u; € Z>q for i < j. We shall construct V' with highest
weight y.

Proposition 6.10. If x and X' are highest-weight modules for V and V', respec-
tively, then x + X' is the highest-weight module for an irreducible W CV @ V',

PROOF OF PROPOSITION. Note that y + x’ is weight for v ® v/ and v ® v’ is
primitive. Take W = U(L)v @ v'. Then W is irreducible with highest weight x.
We can add highest weights. ([l

Lemma 6.11. Let m;(A) = A+ -+ X, e, m(X) = M. If x satisfies u;—uj € Z>g
fori < j, then

n—1
X = g m;m;.
i=1

PROOF OF LEMMA. Note that

WAL+ U A = (U — Up) A F (U2 — Up) A2+ F (U1 — Un)An—1
n—1
= D ki
i=0

where k; > ki1 for i =1,2,...,n —2; here k; € Z>o.
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It suffices to observe that
n—1
> kidi = (k= ko)A + (k2 — k) (A1 + Ao) + (ks — ka) (M + A2 + As)
i=0
+oot ko (A A1)
n—1
= Z MiTi,
i=0
where m; € Zx>o. O

It is enough to construct an irreducible finite-dimensional V' with highest weight
mfori=1,...,n—1.

Proposition 6.12. Let V = C" with V standard representation. The highest
weight of V is m and primitive vector is

PROOF OF PROPOSITION. Observe that

0 * 1
0
0 0 0
and

A 0 1

A2

=\

0 An 0

O

Exercise 6.13. Take V; = A’V, where i = 1,...,n—1. Then the primitive vectors
are e; A eg A --- A e;. The highest weight is ;.

The desired result now follows from the exercise. O

Remark. Direct construction of V' for

n—1
E m;T;.
i=1

If sl,, = sly, then we have already constructed V for m;: this is the standard C2
with mm; : S™C2. In general, you apply S™.
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2. Cartan Subalgebras

We now general semisimple Lie algebras. We shall generalize Cartan subalge-
bras and roots.
Let L be Lie algebra, and a a Lie subalgebra. Normalizer of a is

n(a) ={x € L:adz(a) C a}
whence a is an ideal in n(a). If a is ideal in M, then M C n(a).

Definition. A subalgebra h C L is Cartan if
(i) b is nilpotent;
(i) b=n(h).

Example. Let L = sl,,. Then

0 An
where A\ + ...+ A\, =0, is a Cartan subalgebra.

How do we construct Cartan subalgebras? Let L be a finite-dimensional Lie
algebra over C. For x € L, we define the characteristic polynomial to be

Py(t) = det(t —adz) = > ai(x),
i=0

where n = dim L and a,(z) = 1. Fix basis {e1,...,e,} in L, and write
n
T = Z ZTi€;.
i=1
a;(x) is a homogeneous polynomial of degree n—i in x4, . . ., z,,. Note that a,,—1(z) =
trad x.

Definition. The rank of L is the minimal [ such that a;(x) # 0 for all I < n.

Note that ag(z) = 0 because ag(x) is the product of eigenvalues of ad z, but
ad x has zero eigenvalue. Therefore, 1 < rank L < n.

Exercise 6.14. rank L = n if and only if L is nilpotent.
Definition. z € L is regular if ayank .(z) # 0.

We set
L2 = {y: (adx)Ny = 0 for some N}.

Exercise 6.15. dim LY = rank L for all regular = € L.
We set L, = {z : z is regular}.
Proposition 6.16. L, C L is open, connected, and dense.

PROOF. Let V = {x : arankr(z) = 0}. V is closed, so L, is open. dimcV =
n — 1, and so dimg V = 2n — 2. Also, L, = L . V is connected and dense. O

Let z € L and A € C. We set L) be the collection of z € L such that
(adx — A\)N =0 for some N € Z.
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Proposition 6.17. Let x € L. Then

(a) L= ,cc L3,
(b) [L3, L] C Ly, where A and p are in C,
(c¢) LY is a Lie subalgebra.

PROOF. (a) is an exercise in linear algebra.

(b) = (¢). Prove (b). Then L \ V is open and connected, for it is of real
codimension V' = 2), and it is dense.

Let x € L, A € C. We set

LMye L:(adz — \)Vy =0 for someN}.
Then the following holds:

Exercise 6.18.

n

(= 2= "l = 3 (1) llad = op(o). e = ()

p=0
Let y € L), z € L*, n < 0. Then the following holds:
Exercise 6.19.

[(ad 2 — \)6p(y), (ad x — )" P (2)].
equals zero. Therefore, [y.z] € L)TH.

The desired result now follows from the above exercises. O

Let us now return to Cartan subalgebras.

Theorem 6.20. If x € L is reqular, then LY is Cartan and dim LS = rank L.
ProOOF. We shall need the following

Exercise 6.21. dim LY = rank L. Hint: This is an exercise in linear algebra.

We shall prove that L? is Cartan.

Firstly, we claim that n(L2) = L. In fact, we let z € n(LY). Then ad 2(L2) C
LY, which implies that [z,z] € LS.

By definition of LY, there exists p such that (adx)?[z,x] = 0. Therefore, we
have (ad z)P*1(z) = 0, so that z € LY. This shows that n(L%) = L9.

Secondly, to prove that LY is nilpotent, it is enough to show that, for all y € L2,
the map ad y| ro is nilpotent—this is a consequence of Engel’s theorem. We set

adly = ady|ro : R

Then ad®y : L/LY — L/LY is a map of vector spaces.

We set U be the collection of y € LY such that ad' y is not nilpotent and V the
collection of y € LY such that ad®y is invertible.

We shall need facts from linear algebra:

Lemma 6.22. Let X and Y be finite-dimensional vector spaces over R or C. The
the set of bijective maps X — Y is open in Hom(X,Y). a

Lemma 6.23. The set of not nilpotent maps in End X is open. ([
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So, U and V are open in L2, and x € V (why?). It thus follows that V # @.
We wish to show that U = @.

Now, V is defined by a polynomial equation (why?) Working over C, we get
V =L0% If u# @, then U = LY for the same reason, whence U NV # &.

Take y € UNV. Then ad' y has zero as an eigenvalue, and so [y,y] = 0. In
particular, the multiplicity of this eigenvalue is less than dim LY = rank L. Also,
zero is not eigenvalue for ad? y, for ad? y is invertible. It follows that the multiplicity
of zero for the whole ady is smaller than rank L. This is a contradiction (why?).
Therefore, U = @, and so LY is nilpotent. ([

Theorem 6.24. All Cartan subalgebras in L appear as LY for a reqular x (This is
not true for L over R). O

Corollary 6.25. All Cartan subalgebras have the same dimension, namely rank L.
|

Example. If L = sl,,, then the collection of diagonal matrices with trace 0 is a
Cartan subalgebra.

We now consider semisimple Lie algebras.
Theorem 6.26. Let L be a finite-dimensional semisimple Lie algebra over C, and

h a Cartan subalgebra.
(a) b is abelian.
(b) All nonzero elements of h are semisimple.
(c) The centralizer
c(h) ={x e L:adzx(h) =0}
equals b, whence b is mazimally abelian.
(d) The restriction K|y of the Killing form K onto Y is nondegenerate.
Exercise 6.27. Find a nonabelian Cartan subalgebra.

PROOF. Start with (d). There exists a regular x € L such that h = LY. Note

that
L=Lo> L}
A£0
We shall make use of the following
Exercise 6.28. K(L}, L") =0 if and only if A\ + u # 0.

Then
L=Lia) (LyeL?).
A£0
Since L is semisimple, K is nondegenerate, and so K|Lg and K|Lé ® L, are
nondegenerate. This establishes (d).
We now prove (a). b is nilpotent, so

K(b,[h,b]) =0

by Cartan’s theorem. But K| is nondegenerate, and so [, ] = 0. This proves (a).
We now prove (c¢). b is abelian, so

b Ce(h) Sn(h) =h.
It follows that h = ¢(h), as desired.
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We now prove (b). Let x € b and write x = s + n, where s is semisimple and
n is nilpotent. Let y € §. Then [y, z] = 0 for all x € b, whence [y,n] = 0 (why?).
So [y,s] =0, and so s,n € ¢(h) = bh.

Since [y,n] = 0 and n is nilpotent, we have Tr(ady o adn) = 0. Therefore,
K(y,n) =0 for all y € h. Since K is nondegenerate, we have n = 0, as was to be
shown. This completes the proof. O

Corollary 6.29. Cartan subalgebras is maximal abelian subalgebra of semisimple
Lie algebra. ([

Example. We give another example of maximal abelian subalgebras. If L = sl,,,
then the collection of strictly upper triangular matrices is a maximal abelian sub-
algebra that is not Cartan.

Corollary 6.30. Any reqular element in a semisimple Lie algebra is semisimple.
PROOF. z € LY. O

Remark. Let L be a semisimple Lie algebra over C. Then Any maximally abelian
subalgebra consisting of semisimple elements is Cartan. In the real case, Theorems
and are true, but Theorem [6.24] is not true.

3. Root System
Let V be a finite-dimensional vector space over R and « a nonzero vector in V.
a defines a linear map s, : V' — V satisfying

(i) sa(a) = —«

(ii) H={x € V : sq(x) = x} is a hyperplane, i.e., a subspace of codimension 1.
The map s, which is uniquely defined, is called the reflection by a. We note that
52 =id and that V = H @ Ra.

We let a* € V* such that a*|g = 0 and o*(a) = 2.

Proposition 6.31. s,(z) =z — (a*, x)a, where (a*, z) = a*(x).

PrOOF. Note that s, () = @ — 2 = —c. We furthermore have

sa(h) = h = (a*,h)a = h,

which proves the proposition. (I
Exercise 6.32. Prove that EndV &£ V ® V*. Prove furthermore that s, = 1 —
a®ar.
Lemma 6.33. Take a finite subset R of V such that span R = V. There is at most
one reflection so such that so(R) = R.

PRrROOF. Let s, and s, be such maps, and set u = s, - s,. Then u(R) = R,
u(a) = o, and u defines an isomorphism V/Ra = V/Ra.

Since R is finite, there exists an integer n such that u"(x) = x for all z € R
(why?). Furthermore, all eigenvalues of u equal 1 and v™ = id on V (why?). It
then follows that u = id, whence s/, = s;! = s, as was to be shown. (]
Definition. A subset R of V is a root system if

(i) R is a finite spanning set of V not containing 0.
(ii) For all @ € R, there exists a reflection s, such that s,(R) = R.
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(iii) For all o, 8 € R, we have s,(8) = 8 + na for some n € Z.
An element of R is called a root of V. The rank of R is the dimension of V.

For each root o € R, there is the dual root a* € V*, whence
sa(B) =B — (a*, B)ov.
Therefore, condition (iii) above is equivalent to
(o™, B) € Z.
We also note that a € R implies —a € R, for s,(a) = —a.
Definition. A root system R is reduced if the only pair of collinear roots (a, —a).

What if R is not reduced? Let o and 8 be collinear, so that § = pa for some
1 # 1. We may assume without loss of generality that p > 0, for @ € R implies
—a € R. Furthermore, we may also assume that p < 1, by swapping the roles of «
and S if necessary. Condition (iii) now implies that

—p = sa(pa) = po + na,
and so 2y € Z. We therefore have p = 3.

Remark. For semisimple Lie algebras over C, we only need reduced root systems—
not so for algebras over R. Here we consider complex Lie algebras as vector space
over R.

We now consider examples of reduced root systems.
Example. If rank R = 1, then dimV =1, and so R = {a, —a}.
Example. If rank R = 2, then:

Gls) Al'At
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FI1GURE 1. Reduced root systems of rank 2

Exercise 6.34. Make a nonreduced system out of By. Can we do this with Ay or

Go?
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4. Weyl Groups

Let V be a vector space over R and R a root system of R. The Weyl group
W C GL(V) is generated by reflections s, for each & € R. We note that W can
be identified with subgroups of Aut R. We note that W is a Cozeter group, for the
generators satisfy the relation s2 = 1.

Exercise 6.35. Find W for reduced systems of rank 2.
Let us now introduce an inner product on V.

Proposition 6.36. There exists a nondegenerate, symmetric, positive-definite, W -
imvariant bilinear form on V.

PRrROOF. We take any nondegenerate, symmetric, positive-definite bilinear form

B:V xV — R and set
(z,y) = Y Blwz,wy).

weW
This defines the desired bilinear form (why?) O

The inner product (-,-) defines an isomorphism V/ =, V*. Note also that we
have the dual root system
R*={a":a€ R}
for V*.
Exercise 6.37. Prove that
(2, )
(a,a)

Sa(x) =2 —2

for all z € V. This, in particular, shows that condition (iii) is equivalent to

(a, B)
2(% ) S/

for all a, 8 € R.
As usual, the inner product (-,-) defines angles:
(2,) = lely] cos .
We can then find angles between two roots o and g. Indeed,

_ o B) _ JlelBlcose I8
n(B,a) = 2(0(,04) =2 BE = 2‘&| cos ¢,

and so n(B, a)n(a, B) = 4cos? ¢ must be an integer. Therefore, the possible cases

are
113

47274
If cos? ¢ = 1, then a and f3 are collinear, which leads to the trivial case.

n(a, B) n(ﬂda) v 1Bl/lal

cos?p =0

0 /2

1 1 /3 1
1 -1 27/3 1
1 2 /4 V2
-1 2 3n/4 V2
1 3 /6 V3
-1 -3 5m/6 V3
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Proposition 6.38. Let « and 8 be noncolliniear roots. If n(B,«) > 0, so that
(o, 8) > 0 and ¢ < /2, then a — 3 is a To0t.

PROOF. If n(B,a) > 0, then n(B,a) =1 or n(ea, 8) = 1. If n(B,«a) = 1, then

a—f=—(B-n(Ba)a)=—(-a*(B)) = —sa(h),
which is in R. If n(a, ), then o — beta = sg(a), which is also in R. This proves
the proposition. (I

5. Simple Roots

Definition. S C R is a basis, or a set of simple roots, if

(i) S is a basis for V.
(ii) For all 8 € R, we have

B = Zmaaa

a€ES
where m,, € Z. Furthermore, all m,, must have the same sign.

Exercise 6.39. Find the simple roots of s[,(C).
Theorem 6.40. Every root admits a set of simple roots. O

We shall construct the simple roots as follows. Let t € V* such that (t,8) #0
for all 5 € R. We set
Rf ={BeR:(3) >0}.
Then R = R} U (—R}).
Definition. g € R is reducible if 8 = 1 4+ 72 for some ~y1,7v2 € R?‘E Otherwise
is irreducible.

Denote by S; C RZF the set of irreducible elements. We are now ready to prove
the following more general

Theorem 6.41. S; is a basis. Whenever S is a basis, there exists t € V* such that
Sy =S.
PrOOF. We prove first that S; is a basis.

Lemma 6.42. Each element of RS is a linear combination of elements from S,
with nonnegative coefficients.

PROOF OF LEMMA. Let I C R be the set of elements that cannot be written
in this way, and suppose for a contradiction that I is nonempty. Then there exists
a € I such that (¢,«) is minimal. Note however that o ¢ S, for @ = 1 a.
Therefore, « = 3 + v for some 3,7y € R:‘, whence

{t,a) = (t, B) + (t,7)-

Since (t,8) > 0 and (¢, > 0, we have (¢t,8) < (¢,«). Therefore, § ¢ I and
v ¢ I, whence 8 and 7 can be written as a sum

> My

YESL
for m, > 0. It implies that a can also be written in this way, which is evidently
absurd. It thus follows that I = @, which proves the lemma. O

IWe remark that Rj is a cone.
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Lemma 6.43. (o, 8) <0 if o, 8 € S, where (-,-) is any W-invariant, symmetric,
nondegenerate, positive-definite bilinear form.

PrOOF OF LEMMA. We have shown that, if (o, ) > 0, then v = o — 8 is a
root. If y € R, then a = B+ is reducible in R/, so that o ¢ S;. This is evidently
absurd, and so v € — R}

It follows that 8 = a + (—) is reducible in R, which is also a contradiction.
We now conclude that («, ) <0. O

Lemma 6.44. Lett € V* and A a finite subset of V' such that

(a) (t,a) >0 for all a« € A.
(b) (o, 8) <0 forall o, B € A.

Then the elements of A are linearly independemﬂ.

PROOF OF LEMMA. Any relation in A can be written as

ZyB/B = Z 2y
A= ysh,

(AA) = z Ypzy (B,7)-

Since ygz, > 0 and (B,7) < 0, we have (A\,A) < 0. But (-,-) is positive-definite,
so that (A\,\) = 0, whence A = 0. It follows that the elements of A are linearly
independent. U

where yg, 2, > 0. We set

so that

Lemma [6.42] and Lemma [6.44] show that S; is a basis.
We now proceed to prove the second part. To this end, we let S be a basis.
There exists t € V* such that (¢,a) > 0 for all &« € S. Set

Rt = {BER:B > maa,a € 8,ma,ma 20}.
a€eS
Then R C R} and (—~R*) C —R/". We have RT = R/ (why?).
Since S is a basis, all elements of S are irreducible, and so S C S;. We now
note that |S| = |S¢| = dim V', whence S = S;. This completes the proof. O

Example. We now apply the theorem to vector spaces of dimension 2. We assume
that dimV = 2 and find a basis {a, 8} for R. Then the angle between a and S
must be at least /2. We have investigated all possible cases already: A; x A;, Ag,
Bs, Gs.

Definition. Let R be a root system and S a basis. A positive root is a root [ that
can be written as the sum
B=2_ mac,

where a € S and m, > 0. The set of positive roots is denoted by R¥.

2In our case, A = St.
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Proposition 6.45. Any positive root 3 can be written as a finite sum
f=ai+ - +ag
of simple roots «;, and each partial sum
o+t
s a positive root.

PRrOOF. Choose t € V* such that (f,a) = 1 for all & € S (why can we do
this?). Let 8 € R™, so that (¢,8) € Z~o. We proceed by induction on m = (¢, 3).
If m =1, then 8 € S, and there is nothing to prove.

We now assume that m > 1. Then 8 ¢ S. If j is collinear to an element a € S,
then 8 = 2a = a + a. Take v = 8 — a. We know that (o, 8) > 0 and that ~ is a
root. Therefore,y ¢ (—R™), for otherwise « = 8 + (—v) but « is irreducible. So,
v € RT and

() = (,6) — (t,a) = m — 1.

By induction, we proved the proposition for ~, whence the proposition is true

for B as well. O

Proposition 6.46. Let R be a reduced system of roots and S a basis. For any
a €5, the image So(RT ~ {a}) is contained in C RT \ {a}.

PROOF. Let B € RT \ {a}. Then

5:Zm'y7

yeS

for m, > 0. Since R is reduced, § is not collinear to a, whence we can find v € §
such that v # o and m, > 0.
Observe that

Sa(ﬂ) = ﬁ - n(ﬂaa)a
are the coefficients m., v # «, for 8 and s,(8) are equal. Then s,(8) # « and
s5¢(8) € RT < {a}. O

Corollary 6.47. Set

Then s4(p) = p — .

PROOF. Set

Then s4(pa) = pa (Why?). Now, p = p, + §, and so

1 a a o«
sa(p) *Sa(pa)jLisa(a) I S S S (e
O
Exercise 6.48. Check the corollary for A; x A, Bs, and Gs.
PROOF. If R is reduced, then S* is a basis. O

Exercise 6.49. Find S* when rank R = 2.
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6. Weyl Groups and Reduced Root Systems
Let W be a Weyl group, R a reduced root system, and S a basis.

Theorem 6.50. The following holds:

(i) For allt € V*, there exists w € W such that (w(t),a) >0 for alla € S.
(ii) For any basis S’ of R, there exists a unique element w € W such that w(S") =
S.
(#1) For all B € R, there exists w € W such that w(B) € S.
(iv) W is generated by {sq : o € S}.

PRrROOF. Let Wy = ({sq : « € S}) C W. We shall prove (1), (2), and (3) for
w € Wg.
(1) Let t € V*. Recall that

p:% > B

BERT

and that s,(p) = p — a whenever o € S. Fix w € Wy that maximizes (w(t), p).
then

(w(t), p) 2 (saw(t), rho) = (w(t), sap) = (w(t),p — @) = (w(t), p) = (w(t), ).

Therefore, (w(t),a) > 0.

(2) We shall only show the existence (why do we have uniqueness?). Let t' € V*
such that (¢, a’) > 0 for all &’ € S’. (1) furnishes w € Wy such that (w(t'),«) >0
for all @ € S. Set t = w(t'), and observe that

0 < (w(t),a) =, wlta).

Since (t',a’) > 0 for all o/ € S’, we have (t',rZ # 0 for any root r. This implies
that (¢, w=ta) > 0 and (t,a) > 0. Theorem now implies that S = S; and
S' = Syp. Since w(t') =t, it follows that w(Sy) = S;.

(3) Let 8 € R and Lg the corresponding hyperplane, so that sg(Lg) = Lg.
Note that if v # £, then L, # Lg. There exists a finite set of hyperplanes, and so
there exists to € Lg such that tg ¢ L. for all v # £4. This implies that (to, 3) # 0
and (to,v) # 0 for v # £5. It follows that

|<t076>| > <t076>
We can now find ¢ € V* close to ty such that

Al > (¢ 8) > 0.

So, (t,7) # 0. Then 8 € S; (why?). By (2), there exists w € Wg such that
w(Sy) = S, whence w(B) € S.

(4) We now show that Ws = W. To this end, it is enough to prove that
sg € Wg for all B € R. By (3), there exists w € Wg such that w(5) € S. Let
a = w(B). Then s, = 54,(8) = wsgw™!, and so wlsow = sg. It follows that
SB i?’LWS. O

Definition. The Weyl chamber of W associated with S is
Cw={teV":{(t,a) >0,a € S}.
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By Theorem [6.50, Cw is a connected component of
Vs U Lg.
BER
Exercise 6.51. Find all Cy for systems of rank 2.
We shall show that W is a Coxeter group. More specifically, we shall show that
W = ({80 :a€S}:s2 = (5a,58) ™ =1),
where (-, -) is the group commutator and

m(a, ) ¢(a, )

2 /2
3 21 /3
4 37 /4
6 57/6

Definition. Recall that

b 36(&) = o= n(avﬂ)ﬂ

o n(a,f) = (8" a) €L

b n(aa a) =2,

e n(a, ) =0,-1,-2,-3
if a,8 € S. The Cartan matriz is

(n(, ), pes-

Example. For G5, the Cartan matrix is

(% %)

Proposition 6.52. A reduced root system is defined uniquely, up to an isomor-
phism, by its Cartan matriz. [

Proposition 6.53. Given two reduced systems (V, R,S) and (V',R',S"), we define
a bijection ¢ : S — S’ such that n(a, 5) = n(e(a),o(B)) for all o, € S. Then
there exists a unique isomorphism f:V — V' such that f(R) = R’ and f|s = ¢.

PrOOF. f is defined by linearity. f is an isomorphism, so if a, 8 € s, then

® Sp(a)(f(B)) = sp(a)

e (¢(8) = #(B) = n(@(B), p(e))p(a) = p(B) — n(B, a)p(a).

o f(sa(B)) = f(B —n(B,a)a) = ¢(B) — n(B,a)p(a).
It then follows that s,() 0 f = f o so, whence W’/ = fW f~! for the corresponding
Weyl groups. We know that R = W(S) and R’ = W'(S), whence f(R) =R. O

Cartan matrices give rise to Coxeter graphs. Given (R,S), we construct a
nondirected graph G as follows. We take S to be the vertices, and the number of
edges between « and (3 is taken to be

n(a, B) -n(B,a) =0,1,2,3.
If (R,S) = (R',S"), then the corresponding Coxeter graphs are isomorphic.
Example. Some examples of Coxeter graphs:

Definition. Let R be a root system in V. We say that R is the sum of Ry and Ry
if V=Vi&V,, R; aroot system in V;, and R = Ry U Rs.
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— = &
B a

o
.AI l"AI Al GT'R

o o

F1GURE 2. Coxeter graphs

Proposition 6.54. In this case, V; 1L V5.

PROOF. Let a € Ry and 8 € Ra, so that a- 8 ¢ V4 UV,. Then a — B is not
a root, and so («,8) < 0. Similarly, a 4+ 8 is not a root, and so (a, —f3) < 0, or
(o, B) > 0. Therefore, a L 8. Since V; = span{R;}, we have V; L V4. O

Definition. R is irreducible if R cannot be written as a union of nontrivial root
systems.

Corollary 6.55. Any root system is a sum of irreducible root systems. ]
Corollary 6.56. R is irreducible if and only if its Coxeter graph is connected.

PRrROOF. If R = Ry U R,, then we may choose S = S; U Ss: for example, we
take S; to be a basis of R;. By Proposition S1 L S5, whence there are no
edges connecting S; and Ss.

Conversely, if S = S; U S5 such that there are no edges between S; and Ss,
then S; L Sy and Vi L Vo, where V; = span S;. We also note that s,(S;) C S; for
all « € S, whence R C V; UV, (why?). It follows that R is reducible. O

Theorem 6.57. Any such graph is isomorphic to one of the following:

SKETCH OF PROOF. We define a symmetric bilinear form A(z,y) on RY as
follows: for a fixed basis (eq)acs, We set A(eq,eq) = 1 and
cos(m/2)  if there are 0 edges;
cos(2m/3)  if there is 1 edge;
cos(3mw/4)  if there are 2 edges;
cos(bw/6)  if there are 3 edges.

Aleq,e5) =

It then suffices to show that G is Coxeter if and only if A is a nondegenerate,
positive-definite form. O

We now define Dynkin diagrams, which are Coxeter graphs with extra data.
The extra data is the vertex a — number proportional to («, ).

Theorem 6.58. Dynkin diagrams define Cartan matriz (up to an isomorphism)

SKETCH OF PROOF. We construct the Cartan matrix as follows:

If Then
a=0 n(a, 8) =2
a # f3, no edge n(a, f) =
a # B8, 3 edge and (o, ) < (8,8 n(a, B)

(8,8)
a# B, Fiedges (i=1,2,3) and (o, ) > (B,8) n(a,B) —
We invite the reader to fill in the details. O
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(n vertices, n21)

Bn o—o—— - - &0 (n vertices, nz2)

D A 6—o— - - - o< (Nl vertices, NZ 4)

F1GURE 3. Classification of Coxeter graphs

7. Constructions of Irreducible Root Systems

Let {e1,...,e,} be the standard basis in R" and (e;,e;) = 0;;. We let L,, =
Ze1 + Zes + - - - + Ze,, denote the standard n-dimensional lattice in R™.

Exercise 6.59. A, (n > 1): hyperplane V C R"*1 V = (e; + e + -+ + enp1)t,
R={aecVNLy: (,a)=2}
] R:{eifej:zﬁéj};
e S={e;—eip1:i=1,...,n}
o W =Aut{e,...,en,ent1} = Snt1-

cf. roots for sl,11(C).

Exercise 6.60. B, (n>1): V=R", R={a€L,:(a,a) =1or (o,a) = 2}.
o R={+te;,+este;,i #j}
e S={e; —ea,e3—€2,...,6n —€n_1,€n}.
W = Sn X (Z2)n
Sp =2 Aut{ey,...,en}.
(Z3)™: changing signs.
Al = Bl
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A 1 1 1 1
an (nz1) O—0—0— -~ —p
2 2 2
Ba (n2a) 0—0—0— ---é—-._:é

1
Co G2y &5 ... 53
L
Da (a24) ;,1__1&,_&_---%
G =
2 &=
1 L 2 2
1
E& s 1 1 1 1
L
Er] 1 1 1 1 1 1

C, G amanan
1

FIGURE 4. Classification of Dynkin diagrams

Exercise 6.61. C,, (n > 1): Dual to B,
e R= {:I:el + ej,i 7& j, :I:2€i}~
e S={e1 —e€9,...,6n_1— €n,26n}.
o W =5, x(Z)"

(This is the so-called Langlands duality)

Exercise 6.62. D, (n>2): V=R" R={a € L, : (a,a) =2}
[ ] R:{:I:ez:I:ejz;é]

o S={e1—ea,...,en_1—€n,en_1+6€n}
e WS, x(Z%)
This means that changing sign in even number of {ey,...,e,}
DQ = A1 X A1

D3 = Ag.
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Exercise 6.63. G3: R was described; subset of integer algebraic numbers with
norm 1 or 3 in field defined by x> = 1.

Exercise 6.64. Find W (dihedral group)
Exercise 6.65. Fy: V =R* L} = Lyu{eFefatal R={ac L) : (na) =
1or (a,a) =2}
o R={+te;, te; te;, fori#j, %(:I:el testestey)t
o S={e1—ey,e2—e3,e5—eq,5(e1 —e2 —e3—eq)}.
Exercise 6.66. Eg: V =RS L{ =LgU{i(e1 + - +es)}
Ly 2 Lf = {05 kier - Yooy ki € 22}
R={aeLf: (a,a)=2}.
o R={ke; tej(i#j), 2> (—1)™e;, > m; € 2Z}.
e S = {€i+1 —e;,t=1,2,...,6;e1 + eg, %(61 +es — 23:2 61)}
RS — RS (6726820)
R7 g RS (68 = 0)
Then for Eg: R = (R for Eg) N RS
E7: R= (R for Eg) NR".

8. Complex Root Systems

Let V be a finite-dimensional vector space over C. For any nonzero a € V', we
define s,.

Definition. R C V is a complex root system if R is finite, R does not contain 0,
span R =V, and
(i) For all « € R, there exists a unique s, = 1 — a* ® a such that s,(R) = R.
(ii) If o and s,(8) — B are collinear, then s, (8) — 8 = na for some n € Z.

Example. V) over R, R a root system for Vj, then R complex root system for
V =V, ®r C. Expand s, linearly.

The only example is as follows:
Theorem 6.67. Let R be a complex root system for V over C. Let V = spang R.
Then

(a) R is a root system for Vo over R
(b)) o er C2 V.
(c) 8o :V =V are linear expansions of s° : Vo — V;.

SKETCH OF PROOF. We have s,(R) = R which implies s,(Vp) = V. Set
8% = sa|vy- For a, 8 € R, we have s%(8) = 8 — a*(B)a, so that R is a root system
for V. The rest of the proof is left as an exercise. ([l



CHAPTER 7

Semisimple Complex Lie Algebras

1. Roots of Complex Lie Algebras

Let L be a finite-dimensional semisimple complex Lie algebra and b its Cartan
subalgebra. For o € h*, we define

L ={z e L:[Hz]=a(H)x for all H € b}.
The elements of L® are elements of weight a; LY = § is abelian.

Definition. « € h* is a root of L if v #£ 0 and L* # {0}.
The set Ry of roots is commonly denoted simply by R.

We proved
L=ho ) L
acR

Let (-,-) be a Killing form on L.

Theorem 7.1. The following holds:
(i) L is orthonormal to L if a + B # 0 and if (-,)]s and (,-)|pegr—o s
nondegenerate.
(i) Ifx € L*, y € L™, and H € b, then (H, [z,y]) = a(H)(z,y).
(iii) Let x € L*, o+ Hy under b —» b* defined by (-,-). Then [z,y] = (z,y)Hq
forx e L* and y € L™°.
PrOOF. (i) (+,-) is invariant, so
([H,z],y) + (z,[H,y]) = (a(H)z,y) + (z,a(H)y) =0
for each € L™ and every y € L?. Therefore, (a(H) + B(H))(z,y) = 0. We may

choose H so that (a+ 8)(H) # 0, whereby we have (z,y) = 0.
So,

L=pa) (I"aL),
a€ER
the decomposition into mutually orthogonal spaces. Then (-,-)|p and (-,-)|fegr-o
are nondegenerate. This proves (i).
(ii) Since (-, -) is invariant, (H, [z, y]) = ([H,z],y) (why?). Therefore,
(H, [z, y]) = ([H,z],y) = a(H)(z,y).

(i) is left as an exercse. O

We let
L=be» (L*®L*)
aER
and that L is a complex semisimple Lie algebra.
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Theorem 7.2. (a) R reduced complex root system.

(b) If « € R, then L%, [L* L™%] are one-dimensional. Furthermore, if b, =
[L™, L~%], then there exists a unique H, € b, such that a(H,) = 2.

(¢) For all nonzero eq, € L%, there exists f, € L® such that [eq, fo] = Ha,
[Hy, ea] = 2eq, and [Hy, fo] = —2fa.

(d) If a,B € R and o+ B # 0, then [L®, LP] = Lo+5.

This implies that L is a collection of sl(C), the “elementary module”. (d) tells
us how we glue them together. To prove the theorem, we consider the properties
of sl3(C) and the following proposition. Denote by (-,-) the Killing form on L.

Proposition 7.3. (a) If 8 # —a, then (L®,LP) =0, and (-,-)|s and (-,*)|peqr-o
are nondegenerate.
(b) Forallz e L*, ye L™, H €h and (H,[z,y]) = o(H)(z,y)
(c) Let « € R, a— H, under ) =2 b* induced by (-,-). Then [x,y] = (z,y)Hy for
xel* ye L™~
(]

PrROOF. We shall break the proof into smaller steps.
Step 1. If o, 3 € b*, then [L®, L] C L**A. In fact, the Jacobi identity yields
[H7 [x,y]] = HH7 m],y] + [.%‘, [Ha y”
for all z € L® and y € L?. Therefore,

[H, [z, y]] = (a+ ) ()], y],
and so [z,y] € LoFA.

Step 2. span R = h*. If not, there exists H # 0 such that H € h and a(H) =0
for all @ € R. If span R # b*, (span R)* C h. Take H € (span R)*.

Now, a(H) = 0 implies that H € Z(L). But L is semisimple, so Z(L) = {0}.
This is a contradiction.

Step 3. If o € R, then [L*, L™ %] is one-dimensional. In fact, [x,y] = (x,y)Hs by
Theorem |7.1} Here x € L® and y € L™.

Step 4. If a € R, there exists a unique H, € §, such that a(H,) = 2. According
to Step 3, it is enough to show that «lp, # 0. Assume the opposite, and choose
x € L* and y € L™* such that [z,y] # 0. Set z = [z,y]. Then a(z) = 0, which
implies that [z, 2] = a(z)z = 0 and that [z,y] = a(z)y = 0.

Therefore, a = span{z,y, 2z} such that [z,y] = z and [z, z] = [y, 2] = 0, which
means a is the Heisenberg algebra. In particular, it is nilpotent. By Lie’s theorem,
for all p: a — End V', where V is finite-dimensional, there exists a flag F invariant
under p(a). Set V = L. Since z € [a, a], the map ad z : L — L is nilpotent. But all
nonzero elements of L are semisimple.

Step 5. Let a € R, e, # 0. There exists f, € L™% such that [eq, fo] = Hy. In
fact, (-, -) defines duality for L* and L~%. Therefore there exists y € L~% such that
(éa,y) # 0. By Theorem (7.1} [en,y] # 0. By scaling y, we get fq.

Summary thus far. span{ey, fo, Ho} = 5l2(C). We consider L as module over
5[2 ((C)

Step 6. If o € R, then dim L® = 1. Assume that dim L® > 1. L® and L™ are
dual to each other. If dim L® > 1, there exists 2 € L™%: (eq,2) = 0. s0 [€q,2] =0
by Theorem [7.1
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On the other hand, [H,,z2] = —a(Ha)z. So z is a primitive element with
negative weight. But, for all finite-dimensional sl;-modules generated by a primitive
element, the elements have positive weight. This is a contradiction, and so dim L* =
1.

Step 7. We note that h, @ L* @ L™ = 5l5(C).

Step 8. f, is unique, for dim L= = 1.

Step 9. We claim that if «,8 € R, then 8(H,) € Z and 8 — B(H,)a € R.
Therefore, R is a root system.

To see this, we let y € LP and y # 0, set p = 3(Hy). Then [Hy,y] = B(Ha)y =
py. Consider L as sly-module. y has a weight. All slo-weights are integers, then p
is integer.

Ifp>0,set z= fPy. If p <0, set z = e, Py. It shows that 8 — pa is a root.
Step 10 (Summary thus far). R is a root system. H, dual to a. In fact, Step
2 implies that span R = h*. If a € R, set s4(8) = f — B(Hy)a for all 5. Then s,
is a reflection. Since s,(8) € R by Step 9, R is a root system.

Step 11. R is a reduced root system. Assume that a € R and 2a € R. Let y be a
nonzero element of L?*. Then [H,,y| = 2H,(a)y = 4y. We note that

[eouy] c La+2a — L3a — {0},7

S0 [ea,y] = 0. Then [Hy,y] = [[€as fals¥] = [€a; [fa,y]] by the Jacobi identity
(why?) Now, [fa,y] € L7272 = L% But any element in L* is collinear to e, for
dim L* = 1. So [eq, [fa,y]] =0 = [Hq,y] = 4y, a contradiction.

Step 12. Let a, 8 be noncollinear,

p = max{n:f —naisaroot.},
g = max{m: S+ ma is a root.}.
Set
E =Y LPthe
kEZ

We claim that dim E = p + ¢ + 1. Indeed, 8(H,) = p — q and ad(e,) : LAFe =
LA+ for —p <k < q—1 (why?).

In fact, E is an slp-module. Its weights are S(H,)+2k (Why?). E is irreducible,
and dim E = m + 1, where m = S(H,) + 2q (why?) It follows that ade, is an
isomorphism.

Step 18. If o, 3 € R and a + 8 € R, then [L*,L%] = L**#. (Why? Use Step
12) O

2. Borel Subalgebras of Complex Lie Algebras

Let L be a semisimple complex Lie algebra. We know that
L=ba Y (L*®&L),
aER

where b is a Cartan subalgebra. Let S = {aq,...,a,} be a basis of R and write
R=R,UR_. Setny =) n_ = Za@@ L=, and b = h & n, the Borel
subalgebra. Then

acRy

L:n_EBf)EBm_.
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Theorem 7.4. (a) ny and n_ consist of nilpotent elements (whereby they are
nilpotent).
(b) [b,b] = ny. Therefore, b is solvable.

PROOF. (a) Let # € ny, k € N and 8 € h*. Then (adz)¥LP C LAtertFar
where each a; is in R;. Note that
B+oar+ -+ ¢ RU{0}
for 0 < k. Since ad z is nilpotent, ny is nilpotent. Similarly for n_.
(b) Enough to note that [h,n;] = ny. The rest is left as an exercise. O
Recall that b depends on § and S.

Theorem 7.5 (Borel-Morozov). Let L be a semisimple Lie algebra. Then for any
solvable Lie subalgebra a C L, there exists an automorphism ¢ : L — L such that
p(a) is in the Borel subalgebra. In particular, b is the mazimal solvable subalgebra
of L. O

3. Generators and Relations for Semisimple Complex Lie algebras

Let S = {a1,...,a,} a basis in R, and R a root system for L. Then n =
dimbh = rank L. We write H;, e;, and f; to denote H,, in b, e,, in L*, and
fa; in L™ respectively. We choose e; and f; such that [e;, f;] = H;, and set
n(i,j) = a;(H;). Recall that (n(7, 7)) is the Cartan matrix.

Theorem 7.6. (a) ny is generated by e;, n_ is generated by f;, and L is generated
by ei, fi, and H;.
(b) For alli # j, we have the following Weyl relations:

° [HZ,H] O
b [ezyfz] = H;,
L4 [6zafj] _07

[Hi7ej] = n(iaj)ej;

[Hi, fi] = —n(i,5) ;-

(¢) For all i # j, we have the following Serre relations:
o (ade) "I () = 0,
o (ad f;) "G (f) = 0.

PRrOOF. (a) Recall that any root o € R can be written as

o= + 0+,
and any sum a;, + - -- + o, is a root if m < k. Therefore, the collection of
€a = [€ips [Cin_vs-- s [Cinr€ir]] -]

is a linear basis in ny and so ny is generated by eq,...,e,. Similarly for n_ and L.

(b) We shall only prove [e;, f;] = 0 if i # j. If [e;, f;] # 0, its weight is a; — a;.
No such weights (R = R+ UR_).

(c) Set
(ade;) " (ey)

(ad fi)—n(i,j)—kl (f7)

+
o}
o

The weight of @;;- is

a; —n(i, ja; + o = sq, (a; — ).
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Since there is no such root, @;5» = 0. Similarly, ©;; = 0. O

Theorem 7.7. Lie algebra ny is defined by generators es,...,e, and relations

0;. O
J

Let §, be the free Lie algebra with generators ey, ..., e, and I the ideal gener-
ated by @;; We take the epimorphism §,, — n; defined by e; — e;. Let I be the
kernel.

Similarly,
Theorem 7.8. L is defined by generators (e;), (fi), and (H;) satisfying the Weyl
and Serre relations. O

Example. Type G3. Generators for ny are e; and es, and the relations are
[e1, [e1,e2]] = 0 (namely n(1,2) = —1) and ez, [e2, [e2, [e2,€1]]]] = O (namely
n(2,1) = =3).
Remark. Monomial-type Serre relations come mostly from ny for semisimple Lie
algebras.
Example. The Witt algebra W7 is an infinite-dimensional Lie algebra generated
by the linear basis (e;);cz and the relations [e;, e;] = (5 — i)eitj.
Exercise 7.9. Check the Jacobi identity.

Nilpotent part: Linear basis (e;);>1. There are two generators, namely e; and
es. Relations:

[e1, [e1, [e1, e2]]] = Ges.
e2, [e2, e1]] = —es.
Relation:
(ade1)®(e) + b(ad ez)?(e1) = 0.

This is not a monomial.
Exercise 7.10. Compute ey in two different ways. This gives another relation.
There are no other relation.

Here h = Cey.

Generators (e;), (f;), and (H;) for a semisimple Lie algebra define a linear map
¢ : L — L such that p(e;) = —fi, ©(fi) = —e;, and p(H;) = —H;.
Exercise 7.11. ¢ is an automorphism and ¢? = id.

Exercise 7.12. Define ¢ for sl,,(C).

4. Roots and Semisimple Complex Lie Algebras

Let Ly and Lo be complex Lie algebras and R; and Ry their root systems,
respectively.

Theorem 7.13. If R1 = R,, then L1 = Lo.

Let us consider the construction first. Let S; and Ss be bases for R; and Ra,
respectively. We assume that r : §; — S5 is a bijection such that n(r(a),r(B)) =
n(a, B) for all a, B € Sy.

For all v € Sy and § € Sy, we choose the corresponding el € L; and €5 € Lo.
Then there exists a unique f : Ly — Ly such that f(e!) = ef. We leave it as an
exercise for the reader to finish the proof.
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Theorem 7.14 (Summary). Let R be a reduced complex root system. There exists
a semisimple Lie algebra L such that R is a root system for L. And L is defined
uniquely up to an isomorphism.

Construction: Choose S = {a1,...,a,} basis in R. Construct L by generators
(ei), (fi), and (H;) satisfying the Weyl and Serre relations. Then prove that L is
finite-dimensional semisimple Lie algebra with root system R.

Exercise 7.15. L is simple if and only if R is irreducible as a root system.

How do we prove that L is semisimple and finite-dimensional? We construct
Lie algebra a defined by the generators and Weyl relations: a = F @ h @ E, where
F is generated by f1,..., fn, F is generated by F is generated by eq,...,e,, and b
is spanned by {H;}. Note that @;;- € E and ©;; € F. Let u™ and u~ be ideals in
E and F, respectively, generated by @jj and ©

ij>
Step 1. Check that u*, u~ and u are ideals in a.
Step 2. Set L =a/u. Then L=n_ & h®n,, where ny = F/ut and n_ = F/u".

Step 3. ade; and ad f; (Weyl relations) are locally nilpotent in L, viz., for all
z € L, there exists k € N such that (ade;)*z = 0 (same for ad f;).

Step 4. Show that dim L* = 1.
Step 5. dim L = dim b + |R|.
Step 6. L is semisimple.

respectively. Set u = ut Qu~.

5. Weights and Semisimple Complex Lie Algebras

Let L be a complex semisimple Lie algebra, R a root system, and S =
{ai,...,an} abasis. Recallthat L =n_@®bhdng,n_ =53 LY n =53 L%
dimL*=1,e, € LY, fo € L% a € Ry, and [eq, fo] = Ha € .

Let V be an L-module, not necessarily finite-dimensional. For w € h*, we set
V¥ ={veV:Hv=w(H)v} The elements of V* have weight w, and dim V% is
the multiplicity of w. w is a weight if V* # {0}.

We are going to study structure V using representations of sly(C).

Proposition 7.16. (a) Let w € b* and o € R. Then L*V¥ C Vwte,
(b) Set V' =3 ey V. Then V' is a direct sum and V' is an L-submodule.

PRrROOF. (a) Observe that
H(eqv) = eq(Hv) + [H,eq)v = eq(Hv) + a(H)eq.
If ve V¥, then Hv = w(H)v. So
H(eqv) = w(H)eqv + a(H)eqv = (w(H) + a(H))eqv/

This proves (a).
(b) V' is a direct sum (Linear algebra). (a) shows that V' is an L-submodule.
U

Definition. v € V is primitive of weight w if v # 0 for all « € Ry (or S), we have
eqV=0and v e Vv

In other words, v is an eigenvector for b =h ®n.
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Proposition 7.17. Let v € V be a primitive of weight w, E submodule of V
generated by v. Then

(1) E :span{fglh "'f”Z’“vaﬁl,--.,Bk € Ry, m; € N},
(2) Weights of E are w — ZZ‘L:1 pioy;, where p; € N.
(3) dim E® = 1.

(4) E is indecomposable.

Proor. (1) AYL, B=b, and C = Jn_. Now, L = n_ @ b implies that
A=C®B. Then E = Av = CBv. However, Bv = Cv because v is eigenvector for
b. Therefore, E = Cv. By the Poincaré-Birkhoff-Witt theorem,

{ o fg;k}
is a basis in C. This proves (1).
(2) By Proposition fat - f5, v has weight w — Zle m;f3;. Each

n
Bi = Z qij O
j=1

with ¢;; € Z>¢. This proves (2).

The proof of (3) is left as an exercise.

(4) If E = Ey1 @ E, then EY = EY @ EY and dim E* = 1, so E¥ = EY or
EY = FEY, then E = E; or E = E». O

Theorem 7.18. Let V' be an irreducible L-module, and v € W a primitive of weight
w. Then

(a) v is, up to a scalar multiple, the unique primitive element of V.

(b) Any weight of V' can be expressed as m=w — > ymid;.

(¢) If irreducible V; has primitive elements of weight w; fori = 1,2, then Vi = V;
if and only if w1 = wa.

Definition. In this case, V is the module with highest weight w.

PrROOF. (b) Let E be submodule generated by v. Then E =V because V is
irreducible. THen use Proposition
(a) Let v' be a primitive element with weight w’. By (b), we have

/ } :
w = w— m;o;
! 2 : 1
w = w — m;0o,

where m; and m) are nonnegative. Then

0= Z(ml + m})ay,

which then implies m; + m/ = 0 for all 4. Therefojre, m; = m} =0, and so w = w'.
We know that dim E% = 1.

(c) Let v; be a primitive element for irreducible V; with highest weight w for
i=1,2. Set V=V, @& V5. Then v = v; + vy is a primitive element with weight w.
Let E be a submodule of V' generated by v. We use projection 71 : V' — V;i. Then
m|g : E — V1 is a surjective homomorphism. The kernel is Ny = Vo N E (here
we assume that V5 < V). Note that W; is a submodule in V5 and that vy ¢ N;
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(why?). But V4 is irreducible and that Ny C Va2, whence N; = {0}. So FE =NV
So, Vi = Va. 0

Remark. We will show that any finite-dimensional irreducible module is a highest
weight module. Not true for infinite-dimensional irreducible modules.

Theorem 7.19. For all w € h*, there exists a unique irreducible L-module with
highest weight w.

PRrROOF. Let L,, = Cv. This is a b-module such that Hv = w(H)v for all H €
and e,v = 0 for all @« € Ry. Now, L,, is a Ub-module. Take induced U L-modules

Vw =UL Qup Ly

where b C L and Ub C UL.
Now, V,, is generated by 1 ® v. By an abuse of notation, we write v =1® v. 1
do not claim that V,, is irreducible. Set

w=> VI
THW
If U is an L-submodule and U # V, then U C W (why?)
Let N, submodule generated by all submodules U. Then N, C W, and so
Ny # Vi Set E,y =V, /Ny. We claim that E,, is irreducible of highest weight w
(why?). O

Summary: There is a one-to-one correspondence between h* and modules with
highest weights.
We now consider finite-dimensional irreducible modules

Theorem 7.20. Let w € bh*, E,, irreducible module with highest weight w. Then
E,, is finite-dimensional if and only if w(Hy) € Z>o for alla € R, O

Proposition 7.21. Let V # {0} be a finite-dimensional L-module. Then
(a) V= V™, where m € R.

(b) m(Hy) € Z for all o

(¢) V contains a primitive element.

(d) If V is generated by primitive elements, then V is irreducible.

PROOF. (a) Any H € b is semisimple, ad H is semisimple. Since all elements
from b commute, all ad H is diagonalizable in same basis (Linear algebra)

(¢) V is b-module, b solvable. Use Lie’s theorem.

(d) By Proposition V' is indecomposable. By Weyl’s theorem, V is
semisimple. It follows that V' is irreducible. ([l

Corollary 7.22. Any irreducible finite-dimensional L-module is highest-weight
module.

We set H; = H,,, Si = Sa,-

Theorem 7.23. Let w € bh*, E,, irreducible L-module with highest weight w. Then
E,, is finite-dimensional if and only if w(H,) € Z>o for all @ € R4

PROOF. If v is primitive, E,, is finite-dimensional, then consider F,, as sl3(C)
module over span{e;, f;, H;}. Then w(H,,) € Z>o. If @ € R, then a = > p;oy,
pi € Z>o. Conversely:
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Step 1. E,, is a sum of a;-modules of finite dimension, where a; = span{e;, f;, H;}.
Let v € E,, be a primitive element. Set

L] mizw(Hi),izl,...,n
my .
o v, =f v i=1,...,n

If j # 4, then e; and f; commute, so
eiv; = f"eju =0,

for v is primitive. Note that e;v; = 0 (why?)

So, if v; # 0, then v; is primitive with weight w — (m; + 1)c;. But there exists
primitive element v, unique up to a scaling. Since w # w — (m; + 1);, we have
V; = 0.

Therefore,

span{ffv:0 <o <m;}

is finite-dimensional a;-module. Then E; is L-submodule of E,, (why?) E, is
irreducible, so F,, = E;.

Step 2. Let P, be a set of all weights of F,,. Then s;(P,) C P,. In fact, let
7w € Py, y € EX, y#0. Then p; = n(H;) € Z>¢. Set

flry i p = 05
r=4q°"" .
iy ifp; <O.

Note that = # 0 (why? Use the sly-property). The weight of x is
T —pia; =7 — (H;)oy = si(m).
So, there exists an element of weight s;(7), and so s;(Py) C P,.

Step 3. P, is finite (nontrivial). Let w € P,,. Then m# = w— ) p;«;, where p; € N.
It is enough to show that py,...,p, < N for some N. Let —S = {—ay,...,—ay} be
a basis. As we proved, there exists a unique element w € W such that w(S) = —S.
We know that w is product of reflections s;, so w(w) € P,. Also, w(r) = w—>_ ¢;«;.
Apply w™t, we get

T=w"'(m)+ Zriai,

where r; > 0. It follows that

w—w 1 (r) = Z(pl + 7).

The left-hand side depends on our choice of s. There are finite number of choices.
There are finite set of sums p; + r;. So, p; + r; < N for some N. So p; < N,
1=1,...,n.

Step 4. E, has a finite number of weights (Step 3). Each of these weights has
finite multiplicity. So, dim F; < co and E; = F,,. ]

Exercise 7.24. The set of weights P, is invariant under action of w. In fact, 7
and w(7) have the same multiplicity.

Remark. For basis {Hi,...,H,} in b, we introduce a biorthogonal basis {w, ...,
wy,} in b* by setting w;(H;) = 6;5. We call wy,...,w, the fundamental weights of
(R,S). So, any weight of F,, is a linear combination of fundamental weights with
coefficients from Zx.
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Example. L =sl,.1(C), h = {diag(A1,..., ) : D\ =0}

Roots: a;;(H) = A\; — Aj, where H = diag(A1,..., Apy1) for all 4 # 3.

Basis: a; = 41 for all ¢ = 1,...,n, where H; = diag(0,...,1,-1,0,...,)
and «;(H;) = 2; here the 1 is on the ith diagonal.

Fundamental weights: w;(H;) = A + -+ X; fori=1,...,n.

Exercise 7.25. E,, = AIC"*!, E,, = C"*! the standard representation.

6. Action of Weyl group

Proposition 7.26. Let R is a root system. Weyl group W acts on set of bases for
R transitively and without fized points.

PrOOF. Transitivity was proved. Fix S basis. Let w find weight for S. w — FE,,
irreducible finite-dimensional L-module. Assume w(S) = S. Then w~!(w) is a
weight for F,, (Remark 1). So w(w) = w+ Y pia; cannot be true unless all p; = 0
(because w is highest weight).

So w(w) = w. Since fundamental weights form a basis for §*, we have w =
id. O

7. Characters

Let L be a complex semisimple Lie algebra, R a root system, and S =
{ai1,...,a,} a basis. We define P C h* by

P={reb”:w(H,) €Z,0 € R}.

Note that P is a free abelian group with the fundamental weights {w1,...,w,} as
a basis.

We define a group ring A = Z[P]. A is Z-algebra with basis e™ for all 7 € P.
Multiplication works as follows: €™ - e™ = ™ T™2, Let V be a finite-dimensional
L-module, 7 a weight of V' of multiplicity m,, where (m, = dim V7.

Definition. The character of V is
ch(V) = ZmWeTr € Z[P],
where m, = dim V™

Proposition 7.27. (a) ch(V) is W-invariant, where W is the Weyl group.
(b) ch(Vae V") =ch(V)+ch(V’') and ch(V @ V') = ch(V) ch(V").
(c) V2V’ if and only if chV =chV’.

PROOF. We prove (c¢) by induction on dim V. Note that dim(V) = 0 if and
only if ch(V) = 0. We now let dimV > 0. If V= V', then chV = chV’. Let
chV = chV’. This implies Py = Py/. Let S = {a1,...,a,} be a basis. Choose
w € Py such that w+ «; ¢ Py for all ¢ (why can we do it?). Let v € V such that
v # 0. Then v is primitive (why?). Then Vj, a submodule of V generated by v,
is irreducible with highest weight w. Since V' is semisimple (why?), V = V; & Va.
Similarly, V' = V{ @ V3, where V{ is irreducible with highest weight w. It follows
that V1 =V, whence chV; = ch V{ (by b). By induction Vo = VJ, and so V = V',

Now, W acts on P, therefore W acts on Z[P]. Denote by Z[P]" the space of
invariants. Let T; = ch(V,,,), where w; is the ith fundamental weight. Then

Z[P)W = Z[T, ..., T,).

In particular, 11, ...,T, are algebraically independent. ([
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Recall the Grothendieck group (from K-theory). Let C be an abelian category
and define the abelian group Gr(C) by the generators [X], where X € ob(C) and
the relations defined as follows: if

0=X—=Y—=2-=0
is an exact sequence, then [Y] = [X] + [Z].

Theorem 7.28. Let C be the category of finite-dimensional L-modules, where L is
a complex semisimple Lie algebra of finite dimension. Then

ch: Gr(C) =5 z[P)V
andchY =ch X +chZ. O

How do we compute characters for finite-dimensional irreducible L-modules?
Let us introduce some notations.

(1) W acts on b* and w € W. Define e(w) = detw. Note that e(w) = 1 if w
is a product of even number of reflections, and e(w) = —1 if w is a product of odd
number of reflections.

(2) Recall that

=5 @
a€Ry

Then p(Hy,) =1 for all a; € S, s0 p € P.
(3) Set

D= H (ea/2 - 67a/2)’

aERL
which is in Z [$P]. In fact,
E= ) e(w)e"®),
weW
which is in Z[P].

Theorem 7.29 (Weyl character formula). Let V,, irreducible highest weight mod-
ule. Then

1
ch(V,) = ) Z Z_:(w)ew(w-i-/)).
weWw

]

The above theorem was proved by H. Weyl in 1922 using the theory of compact
Lie groups. The algebraic proof was given in 1954, but it is not very natural.

Example. Let

o [ = 5[2(@)
Ry ={a=2p}
P = {nl)}neZ

w=mp, m > 0.

W = {id, sa}.
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Then, for w = id,

(m+1)p _ o—(m+1)p
ch(V,) = S ¢

eP —e P
— emP + e(m*Q)P 4+ e*mp

= E mye”.

TEP
Corollary 7.30.

dimV,, = H M: H M.

(p, Ha) (p; @)

acRy acRy

O

Let V be a finite-dimensional L-module (not necessarily irreducible). Let E,,
be the irreducible highest-weight submodule of V. Let n(V,w) be the multiplicity
of F,, in VE|

Corollary 7.31. n(V,w) equals the coefficient for e in D ch(V). O

1 For V = & irreducible submodules, n(V, w) is the number of these submodules isomorphic
to Fuw.



CHAPTER 8

Classical Lie Algebras

1. Symplectic Lie Algebra

Definition. Let V be a 2n-dimensional vector space over C with a nondegenerate
skew-symmetric bilinear form @ : V xV — C. The symplectic Lie algebra is defined
to be the collection

692, (C) = {A € End V : Q(Az, y) + Q(x, Ay) = 0}.
Exercise 8.1. sp,,, (C) is a Lie subalgebra of gl,(C).

We now derive the matrix presentation of sp,,, (C). Choose basis e, ..., ea, in
V such that

Qe €itn) = 1

Qeitn, ) = —1
Q(eivej) =0
for 1 <i<mnandj#i+n, and that
o ("
Q(zvy):(‘Tlv"'van) (_In S) :
Yon

Exercise 8.2. If we set M = (_g %’), then

5Py, (C) = {X € Mato,(C) : X*M + MX = 0}.

A B
(e p)

where A, B,C, D € Mat,,(C). Note that

At Ct
e ().
We have X*M + MX =0, so

¢t AN _(C D
(o 5) (5 )0

Therefore, Bt = B, Ct = C, A + D =0, and D = —A*.

‘We now describe

67
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The Cartan subalgebras of sp,,, (C) are
A1 0

*)\n

where the basis consists of H; = E;; — Ejjp itn for 1 <i<n. Let {L;} C h* be a
biorthogonal basis, so that (L;, H;) = d;;. Let

Xij = Eij— Enyjnyi
Yij = Finyj— Ejnyi
Zij = Enyij+ Enyji
Ui = Einti
Vi = Eniig
Exercise 8.3. Let H € . Show that
[H XU} = (Li - Lj)(H)Xij
[ ]} = (LZ“‘LJ)(H)YU
[H,Zi;] = (=Li—L;)(H)Z;;
(H,U;)] = 2L;(H)U;
[H,Vi] = =2L;(H)V;.

Show also that these are the only eigenvectors.
The roots for sp,,, (C are
+L; £ Lj € h*
The root subspaces are

[ span{X”,in,Hi —H]}
d Span{ 7]7Z7j7H1+H]}
e span{U;,V;, H;}.

The positive primitive roots are
R={Li+ Lj}icj U{Li — Lj}i<;.
Remark. sp,(C) = sly(C).

We now describe the irreducible modules corresponding to the weights L, +
.-+ Ly. To this end, we construct ¢, : AFV — A*=2V by defining

(,Dk(vl,...,vk):ZQ(UZ‘,’UJ‘)Ul/\"'/\’lA)Z'/\“-/\QA]j/\"'/\’Uk.
i<j

We note that ¢ is a contraction.

Theorem 8.4. The kernel of ¢y, is an irreducible module with Ly + - -+ + L.
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2. Orthogonal Lie Algebras

Definition. Let V be an m-dimensional vector space over C with a nondegenerate,
positive-definite, symmetric, sesquilinear form @ : V' x V' — C. The orthogonal Lie
algebra is defined to be the collection

$50,,(C) ={A € EndV : Q(Az,y) + Q(z, Ay) = 0}.

We now derive the matrix representation of s05,(C). Let m = 2n and find a
basis eq,..., ey, for V such that

Q(eia ei+’n) = Q(ei+na ei) =1

Qei,e;) = 0ifitn
Y1
Qlz,y) = (x1,...,22, (gcl, . ,xgn)
Yan
Setting M = 0 In , we see that
I, O
502n(C) = {X S Matgn((C) : XtM—l— MX = 0}
A B
Let X = (C’ D)’ so that

ct At C D
(o )+ (5 2) -0
It then follows that C* = —C, B' = —B, and A + D = 0.

We also derive the matrix representation of s02,41(C). We let m = 2n+1 and
find a basis eq, ..., ea,4+1 such that

Qei,eitn) = Qeiyn,e;) for 1 <in
Q(e2n+t1,€2n41) = 1
Q(es,e5) = 0 otherwise

o I, O 4!

Q(xvy) = (x17'~'71'2n+1) In O O

0 0 1 Yoni1

Setting M =

o0
o Qi

0]
O |, we see that
1

502n+1((C) = {X € Mat2n+1(C) XM + MX = 0}

Exercise 8.5. Prove that if

A B FE
X=\|C D F
G H J

is in §09,41(C), then Bt = —B, Ct = —C, A'+ D =0, E = —H, F = —G*, and
J =0.
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The Cartan matrix of s0s,(C) consists of diagonal matrices

A1
-\
)\,

with a basis consisting of H; = Ej; — Eypyintq for 1 < ¢ < n. The Cartan matrix
of 602,,+1(C) consists of diagonal matrices

A
)\

“An
0

with a basis consisting of H; = E;; — Epyipntq for 1 <i <n.
Let {L;} be a biorthogonal basis in h*. We shall first compute the eigenvectors
for the action of h in the m = 2n case. We first note that

Xij = Eij— Enyjnti
Yij = Eipyj— Ejny
Zij = Enyjj— Enyia
We remark that that Y;; and Z;; are different from the symplectic case. Therefore
[H, Xij] = (Li = L;)(H) Xy
[H,Y;] = (Li+ L;)(H)Y;
[H,Zi;] = (—Li — L;)(H)Zi;.

The roots are
{£Li £ Lj}iz; CH
The positive roots are
R+ : {LZ + Lj}i<j U {Ll — Lj}i<j~
In the case m = 2n + 1, we take the same X;;, Y;;, and Z;; and add

Ui = Eiont1— Fong,
Vi = FEntione1 — Eongingi
Then
[H,U;] = Li(H)U;

The roots are
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The positive roots are
Ry :{Li+ Lj}ic; U{Li — Lj}ic; U{L:}:.
3. Real Lie Algebras

Let Lo be a real Lie algebra. Recall that the complexification of Ly is L = Lo®g
C. We are interested in finding real Lie subalgebras of L whose complexification is
isomorphic to L.

Example. Let L = sl,. Then L = spanc{H, e, f}, and so we define
Lo = spang{H,e, f}.
We define a Lie algebra

/2 0 0 1/2 0 /2
wats) s = (0 _3) 5= (L0 ) 0= (i W)}
Exercise 8.6. H=-2i-H,e=B—-iC, f=—-B—iC.

So, suy ®r C = sl5(C). Then
Lo = spang{H,e, f}

is split form for sly(C). Therefore, suy is a compact form because suy is a Lie
algebra for compact Lie group.

4. Real Forms

Let L be a complex Lie algebra. We are looking for a Lie subalgebra Ly over
R such that Lo ®g C = L.

Example. L =sl3(C). Ly = sl2(R). Another one:

wemn { (2 0). (05 ) (0 )

Example. The generalization of the above example is as follows: L = sl,(C),
Ly = s, (R), and o
su, = {A €5sl,(C) : A* = —A}.

There are other real forms of semisimple complex Lie algebras, but these two
are called extreme.

Let L be a complex semisimple Lie algebra, hh a Cartan subalgebra, Ly C L,
and ho C b.

Definition. L is called a complexification of Ly, and Lqg a real form of L. Ly is a
split form if, for all « € R C h*, the restriction «fy, is real. Lo is a compact form
if, for all & € R C b*, the restriction oy, is pure imaginary.

Proposition 8.7. Let L be a complex semisimple Lie algebra. The following state-
ments are equivalent.
(i) For all « € R C b*, the restriction |, is pure imaginary, and the subalgebra
of Lo generated by (Lo ® L_o) N Lo is sus.
(i) The Killing form restricted to Ly is negative-definite.
(iii) The real Lie group Go with Lie algebra Lo is compact.



CHAPTER 9

Further Results

1. Witt Algebras

We begin this chapter by a discussion of Witt algebras (E. Cartan 1909). For
every f and g in C[t,t+1], the ring of Laurent polynomials, we define the bracket

{f,9} =19 fd"
This is a Lie bracket coming from the Poisson bracket on f (t)%. Call this algebra

W1. The collection of elements e,, = —t"*! for all n € Z is a basis of W;. We see
that
[en,em] = (n+ D" -t™Th — (m  Demen+t
= (n—m)tmtnt!

= (m—n)eptm.
In particular,
[€0, em] = men,.
We then have
Wi = span{e; }i<o ® Ceo & span{e; }i>o,

which is “similar” to sly(C).

An extension of the above algebra is given by adding the “center” ¢ such that
[c,en] = 0 for all n € Z. This is called the Virasoro algebra, with the following
multiplication table:

3
m3 —m
[ensem] = (M —n)emin + 5m7_nTc
3
m> —m
[e—m,em] = 2em+ Tc.

We now consider modules generated by vector v with the following condition:

eov = hv
cv = cv, where the ¢ on the right is a constant
eiv = 0, wherei >0

The module is generated by
€—in€rin_q " €—iy U,

where i1, ...,4, > 0. (cf. highest weight modules) (Natural questions to ask: When
is the module irreducible? What are the characters?)

72
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2. Current Lie Algebras

Let g be a finite-dimensional Lie algebra and X a smooth manifold. Then
¢>°(X,g) has a Lie algebra structure with the bracket

[, 91(x) = [f(x), g()].

The notation is g*. The most important case is X = S'. Then gSl is a current Lie
algebra.
Let g = sl3(C). We choose generators

=5 0) w= (4 4n) a=( D)

of 515(C). Define £,(t) € g°' by setting

esp(t) = exp(2mikt)eg
esp—1(t) = exp(2mikt)e_y
espt1(t) = exp(2mikt)e;.

This constitutes a topological basis. We see that [e;,¢;] = a;j€;4,, where
-1 ifj—i=—1mod 3;
;=140 if j —4 =0 mod 3;
1 if j —72=1 mod 3.

3. Kac-Moody Lie algebras
We start with a Cartan matrix: A = (a;;), where 1 <, j < n with a;; € Z,
a11 = a2 =+ = Qpp = 2,
and a;; < 0.
Here is a technical condition: We say that A is symmetrizable if there exist
bi,...,by, > 0 such that (b;a;;) is symmetric. Notation: bA = (b;a;;).

We define Lie algebra g#/C with generators ey,...,en, hiy.. s hny f1se-es fn
and relations

lei, f5] = dijhi
[hi,hj] = 0
(hisej] = aijh;
[hi, ;] = —aihy
(ad ei)iaiﬁkl c€j = 0
(ad f)~ 1 f; = 0.

Assume A is irreducible. By permuting rows and columns we cannot get a block-
diagonal matrix.
Let us now consider the properties of g#. We first define multigrading on g:

degh; = (0,...,0)
dege; 0,...,1,0,...,0)
degf; = (0,...,—1,0,...,0).

o =Por.in)
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Theorem 9.1. The following holds:

(i) If rank A = n, then g* is simple. If rankA = n —k, k > 0, then g* has
k-dimensional center Z C gz%’wo) and g /Z does not have proper graded
ideals.

(i) g% =n_ @ hSny, where

e n_ is generated by (f;)
e ) is generated by (h;)
e n is generated by (e;).
Furthermore, géh.__’in) = {0} if (41, ..,1n) contains both positive and negative
indices.
(i) dimbh = n.

We shall classify h* is as follows:
(a) DA is positively defined
(b) bA is nonnegatively defined of rank n — 1.
(c) rest.

Theorem 9.2 (Kac-Moody). The above classification scheme has the following
concrete description
(a) Simple finite-dimensional Lie algebra.
(b) dim Z = 1. and g*/Z is isomorphic to
(i) g @ C[t,t~1], where g is simple finite-dimensional Lie algebra, or
(ii) subalgebra of ®° __ g(l) @ t!, where g(1) is eigenspace of automorphism
0:g9—g of order 2 or 3.
(c) If eigenvalues of bA are negative or the rank of A is at most n — 2, then the
dimension of

i tin =k
grow exponentially depending on k.

4. Lie Groups and Lie Algebras

Definition. A Lie group is a topological group that is a smooth manifold where
the group operation (z,y) — 2y and the inverse operation  +— 2~! are smooth.

Proposition 9.3. Let G be connected. Then any mneighborhood U of e generates
G.

Definition. A map p : G — H of Lie groups is a homomorphism if p is a group
homomorphism and a smooth map.

Theorem 9.4. Let G and H be Lie groups. If G is connected, then the homo-
morphism p : G — H is uniquely determined by the tangent map (dp). : T.G —
T.H. O

For any g € G, define 1, : G — G by 14(h) = ghg~'. We have the commutative
diagram

P
e

H
g iwp(g)
P

HH

Q<—0Q
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Setting H = G, we have
(dg)e : T.G — T.G,
for ¢4(e) = e. We write
Ad(g) = (dibg)e
for the adjoint representation Ad : G — T.G. Note that
Ad(g192) = Ad(g1) Ad(g2)-

We also have the following commutative diagram:

dp)e
TeGl)Te

Ad(g)l iAd(p(g))
(dp)

e

Teq —T.H.

The tangent map to Ad is ad : T.G — End TG, which satisfies the commutative
diagram

dp)e
7.6

ad(v)l ad(dp(v))l
(dp)e
T.G —2% T, H.
We define a Lie bracket on T.G by

(X, Y] =ad(z)(Y)

for each X,Y € T,G. Then
dpe([X7 Y]) = [dpe(X)v dpe(Y)]

Example. Let G = GL,(R), so that T.G = Mat,(R). Let X and Y be tangent

vectors at e. There exists a smooth curve v : I — G on an open interval I containing
0 such that v(0) = e and 7/(0) = X. We observe that

XY] = ad(X)(Y)
L A1) )
t=0

dt
N SO
t=0

dt
= YO +OY (1 () io-
Let M(t) be an m-by-m matrix depending on ¢. Then
(M7Ht) = =M ()~ M(t) M ()"
Why is that? Since M (¢)M(t)~! = I, we differentiate each side to get
M) M)+ M@E)(M@E)™Y) =o0.

We then have
(X, Y]

7 (0)Y7(0) —v(0)Y~(0) "/ (0)y(0) "
— XY -YX.

Exercise 9.5. Check [Y, X] = —[X,Y] and Jacobi identity.
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Let M be a connected manifold. Recall that M is simply connected if m (M) =
{e}.

Theorem 9.6. Let G and H be Lie groups. If G is connected and simply connected,
then every linear map T.G — TeH is a tangent map to a homomorphism G — H
if and only if it preserves the Lie bracket. (|

So, we went from Lie groups to Lie algebras. Let us now go from Lie algebras
to Lie groups. Before we do so, we write

g=T.G

to denote the Lie algebra corresponding to a Lie group G.
Let X € g. We define my : G = G by

mg(h) = gh.
A wector field on G is defined by
vz (9) = (mg)«(X).
We integrate the vector field. Let p be a point on a manifold M. There exists

a unique map ¢ : I — M such that ¢(0) = p and ¢'(t) = v(¢(t)). If we do this for
M = G and vy, we get px : R — G such that

(1) ¢x(0)=e
(2) ¢x is a homomorphism of Lie groups
(3) ¥x(0) = X.

Definition. px(R) is a one-parameter subgroup of G.
So, each vector X € TG is tangent to one-parameter group.
Definition. The ezponential map exp : g — G is defined by
exp(X) = ¢x(1).
Theorem 9.7. The exponential map is the unique map from g to G such that
(1) 0—e

(2) (exp,)o : T.G — T.G is the identity map.
(3) The restrictions of exp on straight lines passing through 0 are one-parameter

subgroups.
Therefore, we may cover each neighborhood of e by exp(g). O
Given bracket [-,-] on g, can we construct the group operation in G? To this

end, we let G = GL,(R) and X € Mat,(R). Then

= 1
expX = ,;) aX ",
Take exp X - expY. When does it belong to exp(g)? This is equivalent to solving
expX -expY =exp”Z
for Z. By noncommutativity, the identity
expX -expY =exp(X +7Y)

does not always hold.
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The answer is given by the Campbell-Hausdorff formula, which roughly states

that Z can be expressed in terms of X, Y, and [, ]. Let g € Mat,(R). We have
1 1
log(g) = gI = 5(9=D)* + 3(g = 1)* =+++,

which converges if g ~ 0. Set
Z =log(exp(X) exp(Y)).
note that
exp(X) exp(Y)

1 1
(1+X+2,X2+-~-) <1+Y+2|Y2+-~-)

12 12

There are no simple descriptions of the terms of Z. All available ones are rather
complicated combinatorial descriptionsﬂ

= exp <X+Y+;[X,Y]+1[X,[X7Y]}+1[Y7 [Y,X]]+~~>

Proposition 9.8. Let G be a Lie group and g1 a Lie subalgebra of g = T.G. Then
expgy, = G1 is a Lie subgroup of G. d

If G; and G4 are Lie groups and Gy simply connected, then the linear map
g1 — g2 is a Lie algebra homomorphism if and only if the corresponding map
G1 — G5 is a homomorphism.

Which Lie groups are simply connected?

Proposition 9.9. For n > 1, SL,(C) and Sp2,(C) are connected and simply
connected. Also, SO, (C) is connected but m1(SO2(C)) = Z and m (SO, (C)) =7Z/2
forn > 3. O

Exercise 9.10. SO,(C) = C*.

1Some of them are available in Reutenaeur, Free Lie Algebras.
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